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Van Douwen’s Problem

Convention
All spaces are Hausdorff (T2).

Definition

» The cellularity c (X) of a space X is the least infinite upper
bound of cardinalities of the pairwise disjoint family of open
subsets of X.

» A space is homogeneous if for all p, g € X, there is
homeomorphism h: X — X such that h(p) = q.

Theorem (Maurice)

2% is a compact homogeneous space (CHS). Moreover, it has

cellularity ¢ where ¢ = 2% = |R|.

Question (Van Douwen)
Is there a CHS with cellularity exceeding ¢?



How do you make a CHS?
Definition

» A family B of open neighborhoods of a point p € X is a local
base at p if for every neighborhood U of p some B € B
satisfies B C U.

» The character x(p, X) of p is the least infinite x such that
there is a local base of size at most k at p.

> X(X) = suppex x(p. X).

» X is first countable if x(X) = w.
There is a zoo of examples of first countable CHS's (e.g., 2{2¥).
The other major class of CHS's is the class of compact groups
(and compact loops, etc.). Any product of CHS's is a CHS.

Is there any other way to make a CHS? Van Mill found a way (via
resolutions) that works (if p > w1). | found another way (via
amalgams) that works (in ZFC).



Calibers > cellularity
Definition
» A family B of open subsets of X is a base of X if for all open

U and p € U, some B € B satisfies pe B C U.

» The weight w(X) of a space X is the least infinite x such
that X has a base of set of size at most .

» A regular uncountable cardinal x is a caliber of a space X if
for every sequence (U, )<k Of open subsets of X, there is
some / € [x]" such that (), Us # 0.

Basic facts

» If kT is a caliber of X, then ¢ (X) < k.

» Calibers are preserved by products and continuous images.
> If w(X) < K, then k is a caliber of X.

» If X is compact, then w(X) < |X]|.



Why is Van Douwen’s Problem hard?

Theorem (Arhangel’skii and Pospisil)
If X is a CHS, then |X| = 2x(X),

Theorem (Kuz'minov)
Every compact group is dyadic, i.e., a continuous image of a
power of 2.

(Kunen noticed that by a result of Uspenskii, this theorem
generalizes to compact loops, etc.)

Van Mill's and my “exceptional” CHS's all have weight at most c¢.

Observation

Every known CHS is a continuous image of a product of compacta
each with weight at most ¢. Hence, ¢* is a caliber of every known
CHS. Hence, every known CHS has cellularity at most c.



Exceptional homogeneous compacta

Definition
A CHS is exceptional if it is not homeomorphic to a product of
first countable compacta and dyadic compacta.

Let T denote the unit circle. Van Mill's exceptional CHS is built
using a clever topologization of 2 x T“!. (Imagine each point in
2“ being a tiny copy of T“1...) Whether this space is
homogeneous is independent of ZFC.

202)”.

lex

My exceptional CHS is a quotient space of T x (
> Let . denote the set of all open semicircle subsets of T.
> Given (p,f),(q,g) € T x (22%)” declare (p,f) ~ (q,g) if

lex

» p=gq and
» forall Se.7, if pe S, then f(S) = g(5).



How many bosses do you have?

Convention
Families of subsets of a space are ordered by inclusion.

Definition

A preordered set is k°P-like if no element has xk-many greater
elements.

For example, the range of a descending sequence of sets (Up)n<w
is w°P-like; the range of an ascending sequence of sets (V) p<y is
wiP-like, but not w°P-like.

Definition
» (Peregudov) The Noetherian type Nt (X) of a space X is
the least infinite s such that X has a x°P-like base.

» The local Noetherian type xNt (p, X) of p € X is the least
infinite x such that X has a x°P-like local base at p.

> XNt (X) = suppex XNt (p, X).



The metric case

Theorem
If X is metric space, then Nt (X) = w.

Proof

It suffices to build an w°P-like base of X. For each n < w, let U,
be a locally finite refinement of the cover of X by all balls of radius
27" Then U, ., Un is a wP-like base of X.

Question

Does w* (which is 2 R \ Q) have a base that does not include an

w°P-like base? Does any space X have a base that does not
include an Nt (X)°P-like base?

Partial Answer 1
No, if X is a o-compact metric space.



Noetherian types and Van Douwen’s Problem
Theorem A
» XNt (p, X) < x(p, X) and Nt (X) < w(X)* always hold.

» If X is a continuous image of a product of compacta each
with weight at most A, then xNt (X) < A.

» If X is also homogeneous, then Nt (X) < AT,

Observation
Every known CHS X satisfies YNt (X) = w and Nt (X) < ¢™.
The double arrow space is a CHS with Noetherian type ¢*.
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Noetherian types and Van Douwen’s Problem

Theorem A
» XNt (p, X) < x(p, X) and Nt (X) < w(X)* always hold.

» If X is a continuous image of a product of compacta each
with weight at most A, then xNt (X) < A.

» If X is also homogeneous, then Nt (X) < AT,

Observation
Every known CHS X satisfies YNt (X) = w and Nt (X) < ¢™.
The double arrow space is a CHS with Noetherian type ¢*.

Theorem B (GCH)

Every CHS X satisfies xNt (X) < ¢ (X).

There is (in ZFC) an inhomogeneous compactum X satisfying
XNt (X) > ¢ (X) = w.

(Since every known CHS satisfies YNt (X) = w, one wonders if
GCH is necessary. This is an open problem.)



The Power homogeneous case

Definition
» A space X is power homogeneous if X is homogeneous for
some .

» The density d(X) of a space X is the least infinite x for which
X has a dense set of size at most . Note that ¢ (X) < d(X).

Question

Is xNt (X) < ¢ (X) true of every power homogeneous compactum
X? xNt (X) < d(X)? Does assuming GCH affect the answer?

Partial Answer (GCH) (joint with G. J. Ridderbos)

If X is a power homogeneous compactum and
maxpex X(p, X) = cf x(X) > d(X), then there is a nonempty
open U C X such that xNt (p, X) = w for all p € U.



More bases

» A family B of nonempty open subsets of a space X is a
m-base if for every nonempty open U C X, some B € B
satisfies B C U.

> The m-weight 7(X) of X is the least infinite x such that X
has a w-base of size at most k.

» The Noetherian 7-type 7Nt (X) of X is the least infinite &
such that X has a x°P-like m-base.



More bases

» A family B of nonempty open subsets of a space X is a
m-base if for every nonempty open U C X, some B € B
satisfies B C U.

> The m-weight 7(X) of X is the least infinite x such that X
has a w-base of size at most k.

» The Noetherian 7-type 7Nt (X) of X is the least infinite &
such that X has a x°P-like m-base.

» A family B of nonempty open sets is a local 7-base at a
point p € X if for every neighborhood U of p, some B € B
satisfies B C U.

» The m-character mx(p, X) of p is the least infinite k such
that there is a local m-base of size at most « at p.

» The local Noetherian 7-type mxNt (p, X) of a point p € X
is the least infinite x such that there is a k°P-like local m-base
at p.

> mX(X) = suppex mx(p; X); XNt (X) = sup,ex mxNt (p, X)



More connections with Van Douwen’s Problem

Theorem
If X is a continuous image of a product of compacta each with
weight at most A, then 7Nt (X) < .

Theorem
If X is compact, then 7Nt (X) < x(X)™.

Observation
Every known CHS X satisfies 7Nt (X) < wy and mxNt (X) = w.



More connections with Van Douwen’s Problem

Theorem
If X is a continuous image of a product of compacta each with
weight at most A, then 7Nt (X) < .

Theorem
If X is compact, then 7Nt (X) < x(X)*.

Observation
Every known CHS X satisfies 7Nt (X) < wy and mxNt (X) = w.

» { implies there is a Suslin line that is a CHS. Every Suslin line
L satisfies 7Nt (L) = ws.

» It is not known if ZFC proves some CHS X satisfies
7Nt (X) > w.

» Worse, it is not known if any (Hausdorff) space X satisfies
mxNt (X) > w (in any model of ZFC).



Tukey classes

Definition (Tukey)
Given directed sets P and @, P <7 @ means the following
equivalent conditions hold.

» For some f: P — Q, the images of unbounded sets are

unbounded.

» For some f: P — @, the preimages of bounded sets are
bounded.

» For some g: @ — P, the images of cofinal sets are cofinal.

Theorem
If Ais alocal base at p € X, h: X — Y is a homeomorphism, and
B is a local base at h(p), then (A, D) =1 (B, D).

Theorem
If Ais a local base at a non-isolated point p € X, then
XNt (p, X) < Xif and only if (A, D) >7 ([x(p, X)|**, <).



Tukey classes and Van Douwen'’s Problem

Theorem C
If X is compact and A = mingex mx(q, X), then some local base B
in X satisfies (B, D) >1 ([A\]=¥, C).

Example

> The space X =2¥ x 2120 x 212 is such that x(p, X) = w; for

all points p, mx(p, X) = w for some points p, and
(B,2) =1 w x w1 X wp 27 {[wa]*", C)

for all local bases B. Hence, xNt (p, X) = w» for all p € X.
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Tukey classes and Van Douwen'’s Problem

Theorem C

If X is compact and A = mingex mx(q, X), then some local base B
in X satisfies (B, D) >1 ([A\]=¥, C).

Example

> The space X =2¥ x 2120 x 212 is such that x(p, X) = w; for

all points p, mx(p, X) = w for some points p, and
(B,2) =1 w x w1 X wp 27 {[wa]*", C)

for all local bases B. Hence, xNt (p, X) = w» for all p € X.

> |f some model of GCH has a CHS X with a local base B such
that (B,2) =7 w X w1 X wa, then ¢ (X) > ¢ in this model.

» In every model of ZFC, we don’t know if such a CHS exists,
even if we replace w X wy X wy with w X w1 or w X wo.



Subsets of bases

Question
Can a space X have a base that does not include an Nt (X)P-like
base?

Partial Answers

1. No, if X is a o-compact metric space.

2. No, if X is a dyadic CHS.

3. No, if X is a CHS and w(X) is regular. (“w(X) is regular” can
be dropped if 2% < X, ., for all .)

Answers 2 and 3 follow from the two theorems below.

» If X is compact and x(p, X) = w(X) for all p € X, then every
base of X contains an Nt (X)°P-like base of X.

> If X is compact and mx(p, X) < cf k = k < w(X) for all
p € X, then Nt (X) > k.



Noetherian types of w*

w* is the space of nonprincipal ultrafilters on w. It is compact and

inhomogeneous.

Theorem (Malykhin)
MA = 7Nt (w*) = ¢ and CH = Nt (w*) = ¢.



Noetherian types of w*

w* is the space of nonprincipal ultrafilters on w. It is compact and
inhomogeneous.
Theorem (Malykhin)
MA = 7Nt (w*) = ¢ and CH = Nt (w*) = ¢.
Definition
» Given R,S Cw, wesay S splits Rif [ RNS|=|R\ S| =w.
» The splitting number s is least size of a splitting family,

which is a subset . of [w]¥ such that every R € [w]* is split
by some S € .¥.

» The reaping number t is least size of a family R C [w]“ such
that no single S C w splits every R € R.

» The distributivity number § is the least x such that forcing
with ([w]*“, C*) adds a new subset of k.

Exercise: c>t>h>w; <ph<s<c



A more precise theorem

ZFC proves each of the following statements.
» TNt (w*) =h <s < Nt (w*) <.

XNt (w*) < min {Nt (w*), c}.

XNt (w*) = w.

MA = 7Nt (w*) = ¢ = Nt (w*) = ¢.
t=c= Nt(v*) <c

>t <c= Nt(w") >

> v < cfec= Nt(w*) =c".

v

vV v VY

Each of the following statements are consistent with ZFC.
> w1 = 7Nt (w*) = xNt (w*) = Nt (w*) < ¢
> w1 < 7Nt (w*) = xNt (w*) = Nt (w*) < ¢
> w1 = 7Nt (w*) < Nt (w*) < c.
> wi < TNt (w*) < xNt (w*) = ¢ < Nt (w*).

*



A combinatorial version of Noetherian type

Definition

» The supersplitting number ss; is the least x such that there
is a sequence (Su)a<. of subsets of w such that {S, : o € I}
is a splitting family for all / € [¢]".

» The (other) supersplitting number ss,, is the least x such that
there is an n < w and a sequence (f,)qa<. of maps from w to
n such that for all / € [¢]” and all R € [w]¥, f, [ R is not
eventually constant for some « € /.

Theorem
Nt (w*) < 55, < 5855 < ¢t

Question
Is Nt (w*) < ssp consistent? If ¢ is regular, then Nt (w*) = ss,,,.



Isbell’'s Problem

Theorem (Isbell)

There is a nonprincipcal ultrafilter I/ on w such that

<Z/{, 2*> =T <Z/{, 2> =T <[c]<w s g>

Question 1 (Isbell's Problem)

Does ZFC prove there is a nonprincipal ultrafilter i/ on w such that

(U, 2) #r ([, <)?

Question 2

Does ZFC prove there is a nonprincipal ultrafilter &/ on w such that
U,2%) £r ([]™,<)?

Question 3
Does ZFC prove xNt (w*) > w?

Theorem
Yesz = Yesy; < Yes;.



Noetherian type and products

Theorem
> (Peredudov) Nt ([T;c; Xi) < sup;ec; Nt (X)).
> (Peregudov) Nt (X"(X)) = w for all spaces X.
> If w(]];c, Xi) <|/] and |X;| > 2 for all i €/, then
Nt (Hiel X,') = W.
» (Spadaro) There is a Tychonoff space Y such that
Nt (wl X Y) < Nt (wl) = ws.

Theorem

Suppose a < ¢ and (Xg)g<, is a sequence of spaces each with
weight at most c. Then [[5_,(w" & X3) is not homeomorphic to a
product of ¢-many nonsingleton spaces.



Noetherian spectra

Theorem
» {Nt(X) : X compact} = {infinite cardinals}.
» {Nt(X) : X compact linear order} =
{infinite cardinals} \ ({w1} U {weak inaccessibles}).

» wi & {Nt(X): X compact dyadic} 2
{w} U {singular cardinals} U {x™" : k = |k| and cfk > w}.



Noetherian spectra

Theorem
» {Nt (X): X compact} = {infinite cardinals}.
» {Nt(X) : X compact linear order} =
{infinite cardinals} \ ({w1} U {weak inaccessibles}).
» wi & {Nt(X): X compact dyadic} 2
{w} U {singular cardinals} U{x™ : k = |k| and cfr > w}.
> Nt(k+1)=rT ifk =cfr > w.
» Nt (k+ 1) =k if k is a singular cardinal.

» If X is a compact linear order and Nt (X) <k =cfrk > w,
then d(X) < k.

> Let X = (2% @ 2")/ ~ where x and \ are infinite cardinals

and ~ identifies (0)q<y and (0)q<r. If K < cf A, then
Nt (X) = AT; if cf A <k < A, then Nt (X) = \.



These are a few of my favorite proofs...

Special case of Theorem A
If X is a dyadic CHS, then Nt (X) = w.

Proof ingredients

» Build an w®P-like base B = Ua<W(X) B, by transfinite
recursion of length w(X).

» Compact metric spaces have especially nice w°P-like bases.

> At stage «, carefully build a base A, of the metrizable
quotient X /M, where points are distinguished iff they are
separated by a continous real-valued function in M, where
M| = w and M, < Hy and @ is sufficiently large.

» Bo={UA:Ac A.}.



More ingredients

1.
2.

Construct (Ma)a<w(x) such that (Mg)s<a € M, for all a.

Use homogeneity to prove minpcx mx(p, X) = w(X).
(mx(Y) = w(Y) is true of all dyadic compact Y.)

Use (1) and (2) to choose a B, that has no supersets of
elements of (Js_,, Bg-

Use (3) to show that for limit 6, (g5 Bg is wP-like if
U,@<a Bg is for all a < 6.

. Deduce from (1) for each «, there exists

a =Py >--+> 3, =0 such that for each / < n,
Ni =Ug,>r>p,., My satisfies Mo > Nj < Hy.

Show that each quotient map from 2%(X) to 2%(X) /N is an
open map.

Use (5) and (6) to show that (s, 1 Bp is wP-like if
Uﬁ<a Bg is.



A forcing construction

Theorem
Let w; < cfk = Kk < XA = A<". Then there is a ccc forcing
extension in which

Nt (w*) = xNt (w*) =Nt (W) =ss0 = < A =rc.

Proof ingredients

>

Construct a k-like, x-directed, well-founded poset = with
cofinality and cardinality .

Construct a (generalized) forcing iteration along =; let G be a
generic filter.

At each stage o € =, add a Cohen real C,, which will be
Cohen generic over V[G [ (= T0)].

Since = is k-like, (Cy)re= witnesses sso < k in V[G].

Since |Z| = A = X\, (C5)pe= witnesses ¢ = X in V[G].



More ingredients

» Using cf(Z) = A\ = A\<F, k-directedness of =, and some
bookkeeping, ensure that for each o € =, every filter base in
V[G | (lo)] that has size less than  has a pseudointersection
in V[G].

» Deduce that every filter base in V[G] of size less than « has a
pseudointersection.

» Deduce that 7Nt (w*) > & in V[G].

» Extend the partial ordering of = to a well ordering C.

» Use C to construct an ultrafilter & in V[G] such that every
V € [U]=" has a pseudointersection in U.

» Deduce that xNt (w*) > & in V[G].



How did GCH get in there?

Theorem B (GCH)
Every CHS X satisfies xNt (X) < ¢ (X).

Proof ingedients

(Arhangel’skif and Pospigil) | Y| = 2X(Y) for every CHS Y.
(Arhangel’skit) | Y| < 27x(Y)<(Y) for every CHS Y.

(GCH) x(X) < mx(X)e (X)

XNt (Z) mx(Z) < x(Z) for every space Z.

If Tx(X) < x(X), then xNt (X) < x(X) < ¢ (X).

So, assume mx(X) = x(X).

The hard part is deducing xNt (X) = w.

vV vV v vV V. VY



The hard part

» By homogeneity, we only need to show that yNt (p, X) = w
for some p € X.
» This is equivalent to showing that (8, 2) >1 ([x(p, X)]=“, C)
for some local base B at some p € X.
» By homogeneity, mx(p, X) = x(p, X) = x(X) for all p € X.
Theorem C. If K is compact and A = mingex mx(q, K), then
some local base B in K satisfies (B,2) >1 ([\]<¥, C).



The hard part

» By homogeneity, we only need to show that yNt (p, X) = w
for some p € X.

» This is equivalent to showing that (B, 2) >1 ([x(p, X)]<¥, C)
for some local base B at some p € X.

» By homogeneity, mx(p, X) = x(p, X) = x(X) for all p € X.
Theorem C. If K is compact and A = mingex mx(q, K), then

some local base B in K satisfies (B, D) >1 ([A\]<¥, C).
Proof ingredients.

» It suffices to find a point p and a sequence (V,, )< of
neighborhoods of p such that p & int(1) ¢, Vo for all I € [A]“.

> Call a sequence ((Ua, Via))a<c of subsets of K flat if ...

» Every flat sequence of length less than A extends to flat a
sequence of length A.

> If ((Ua, Va))a<n is flat, then some p € ﬂa<)\Ua works.



Flat sequences
Call a sequence ((Uq, Via))a<c of subsets of K flat if:

1. Uy C V, and U, and V,, are regular open (Ya < ().



Flat sequences
Call a sequence ((Uq, Via))a<c of subsets of K flat if:

1. Uy C V, and U, and V,, are regular open (Ya < ().

2. Ya < ( Vo, 7 € [a]<¥ ﬂBeUUﬁ\U V, is empty or Z V,,.

YET



Flat sequences
Call a sequence ((Uq, Via))a<c of subsets of K flat if:

1. Uy C V, and U, and V,, are regular open (Ya < ().
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ﬂaeg Ua SZ Ui<n V’Yi'



Flat sequences
Call a sequence ((Uq, Via))a<c of subsets of K flat if:

1. Uy C V, and U, and V,, are regular open (Ya < ().
2. Va < (Vo,7 € [a] Nge, Us \ U, e, Vo is empty or £ V.

3. Vo € [(]=* Y()i<n € ([C]°)=Y 3vidicn € [Ticn T
ﬂaEa Ua SZ Ui<n V’Yi'

> Conditions (1) and (3) imply that (J,.{Ua, Va} is centered
and wP-like.

» For any finite open cover W of K, we can choose Us € W
that preserves (3). (Any V. will preserve (3).)

» Therefore, there is a finite open cover that witnesses that
some p € [)y<y Ua works.

> If ( < A, then mingex mx(q, K) > A guarantees we can find
W such that for any choice of U; € W, there is a V, such
that (2) is preserved.

> (2) guarantees that (3) is preserved at limit stages.



