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Abstract 
This study investigates the area of general quadratic integer programming (QIP), encompassing 
both unconstrained (UQIP) and multi-constrained (CQIP) variants. These NP-hard problems have 
far-reaching applications, yet non-convex cases have received limited attention in the literature. 
To address this gap, we introduce a closed-form formula for single-variable changes, establishing 
novel necessary and sufficient conditions for 1-Opt local improvement in UQIP and CQIP. We 
develop a simple local and sophisticated tabu search with an oscillation strategy tailored for large-
scale problems. Experimental results on instances with up to 8,000 variables demonstrate the 
efficiency of these strategies, producing high-quality solutions within a short time.  

Keywords: Quadratic integer programming (QIP); unconstrained QIP (UQIP); constrained QIP 
(CQIP); oscillation strategy; 1-Opt improvement; tabu search; large-scale optimization 

1. Introduction

The formulation of the unconstrained quadratic integer program (UQIP) is as follows: 

(QP0) Max 𝑓ሺ𝑥ሻ = 𝑑௧𝑥 + 𝑥௧𝑄𝑥, s.t. 𝑥௜ ∈ 0,1, … ,𝑢௜, for i=1, …, n (1) 

where 𝑥 = ሺ𝑥ଵ,⋯ , 𝑥௡ሻ is an n-dimensional vector of n integer variables, and 𝑥௧ transpose of x; 𝑢௜ 
is the upper bound for 𝑥௜; d is an n-dimensional vector of constants, and 𝑑௧ is the transpose of d; 
and Q is an 𝑛 × 𝑛 upper triangular matrix of a constant. Note that no assumptions are made on the 
vector d and matrix Q, allowing their entries to take on any real number. Due to significant 
practical relevance, various adaptations of QP0 have been proposed to tackle this problem, 
including the addition of side constraints and box constraints (Liu and Gao 2015; F. Wang 2021). 
One notable variation is Problem (QP1), a constrained quadratic integer program (CQIP) with 
many practical applications. 

(QP1) Max 𝑓ሺ𝑥ሻ = 𝑑௧𝑥 + 𝑥௧𝑄𝑥, s.t. 𝐴𝑥 ≤ 𝑏, 𝑥௜ ∈ 0,1, … ,𝑢௜, for i=1, …, n  (2) 

In Problem (QP1), the matrix A is an m by n matrix of non-negative real numbers, while the 
vector b consists of m positive real numbers. Here, the matrix A and the right-hand side vector b 
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together indicate that the problem is multi-constrained. Both QP0 and QP1 problems are NP-hard 
(nondeterministic polynomial time-hard), making them challenging to solve in a reasonable 
amount of time. Even determining the local optimality of the quadratic integer problem (QIP) is 
NP-hard (Chaovalitwongse et al. 2009).  

Quadratic integer programs (QIPs) can be categorized into convex and non-convex types, each 
exhibiting distinct computational complexities. 
 

• Convex QIPs: When the quadratic matrix Q is positive semidefinite, the objective function 
remains convex, ensuring a well-behaved optimization landscape. This property allows the 
use of polynomial-time interior-point methods for solving continuous relaxations. Convex 
QIPs can be efficiently solved using ellipsoid methods or interior-point methods when 
integrality constraints are relaxed (Xia et al. 2019).  

• Non-convex QIPs: If the quadratic matrix Q is indefinite, the problem becomes non-
convex, leading to multiple local minima and increased computational complexity. Such 
cases often require combinatorial search strategies to effectively explore the solution space. 
For non-convex QIPs, Karush-Kuhn-Tucker (KKT) computations are commonly 
employed to identify candidate solutions (Beach et al. 2022). 

 
Equation (2) can be interpreted as follows: j=1, …, m represents the budget type, and i=1, …, 

n corresponds to the set of agents receiving budgets. No assumptions are made on matrix Q and 
vector d, allowing their entries to take on any real value.  

Both problems, QP0 and QP1, with binary variables (𝑢௜ = 1), have extensive applications and 
have been thoroughly investigated by numerous researchers (refer to the survey study by 
Kochenberger et al. 2014). The general integer variable versions of these problems have been 
applied in various domains, including portfolio optimization, promotion models, capital budgeting, 
hydrological studies, and the formulation of graph-theoretic problems (Bretthauer and Shetty 
2002; Gupta et al. 1996; Kellerer et al. 2004; Wang and Cao 2020). The convex formulations of 
UQIP and CQIP have received significant attention in the literature (Billionnet et al. 2017; Hua et 
al. 2008; Kozma et al. 2015; Liu and Gao 2015; Park and Boyd 2018). Additionally, the literature 
extensively discusses reformulations of non-convex UQIP and CQIP into binary optimization, 
along with alternative mixed-integer programs (MIP) (Bergman et al. 2016; Chaovalitwongse et 
al. 2009; Gümüş and Floudas 2005; Hadzic and Hooker 2006; Quadri and Soutil 2015).  

Various efficient algorithms for large-scale binary variables have been developed for both 
problems, QP0 and QP1, as summarized in Alidaee et al. (2017), Alidaee and Wang (2017, 2025), 
Dahmani and Hifi (2019), Fomeni and Letchford (2013), Glover et al. (1998), Pisinger et al. 
(2007), and Wang and Alidaee (2019a, 2019b, 2023).  

However, for the problem with general integer variables, there is a lack of available procedures 
that can efficiently solve large-scale realistic problems. Most available algorithms are optimal 
procedures that are only capable of solving small-sized problems, typically with 50-100 variables 
(Buchheim et al. 2019; Buchheim and Traversi 2015; F. Wang 2021). Researchers have made 
progress on special cases of separable and/or convex problems, with some studies testing problems 
with 36 to 2,000 variables (Billionnet et al. 2017; Fampa and Nieto 2018; Hua et al. 2008; Quadri 
and Soutil 2015; Wang and Cao 2020). Erenguc and Benson (1991) provided an early optimal 
solution for general QIP. Later, Gupta et al. (1996) developed an algorithm for ranking solutions, 
and Sun et al. (2010) introduced a lower bound using convex relaxation. Recent advances include 
F. Wang’s (2021) exact solution procedure for non-convex QIP, Nohra et al.’s (2022) convex 
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quadratic relaxation for mixed-integer QIP, and Bonami et al.’s (2022) machine learning-based 
approach for mixed-integer quadratic programming (MIQP) solvers. Other recent contributions 
include Pia’s (2023) e-approximation solution for indefinite mixed-integer programs, Kushwah 
and Sharma’s (2024) algorithm for multi-objective integer QIP, Shir and Emmerich’s (2025) 
evolutionary algorithm for multi-objective MIQP, and Fali et al.’s (2024) branch-and-cut method 
for integer indefinite quadratic bilevel maximization problems. 

Genuine real-world problems are complex and multifaceted, typically exhibiting non-convex 
structures that require heuristic solutions (Boros and Hammer 2003). Surprisingly, the literature 
on the linear variant of Problem (QP1) is remarkably scarce, as evident in recent studies, such as 
Akçay et al. (2007) and Alidaee et al. (2018), which propose novel approaches for tackling large-
scale problems. A common strategy for addressing both Problems, QP0 and QP1, involves 
reformulating them as binary optimization problems and applying algorithms designed for binary 
problems, as seen in works by Hadzic and Hooker (2006) and Bergman et al. (2016). However, 
this transformation introduces an enormous number of binary variables, necessitating the 
consideration of all variables in the solution process. In this paper, our findings reveal that only 
three essential numbers are required for consideration. 

To design an effective and robust experimental framework in this study, we define clear 
objectives for quadratic integer programming (QIP) and formulate specific, testable hypotheses on 
the proposed algorithms. We create diverse testbeds that represent various problem sizes, 
structures, and complexities to comprehensively assess the performance of our proposed 
algorithms. We implement rigorous experimental protocols, including multiple runs with different 
random seeds and systematic hyperparameter tuning, to ensure a fair comparison of algorithms. 
To directly address solution quality and algorithmic efficiency, we select appropriate performance 
metrics such as the best-found solution (BFS), relative percentage deviation (RPD), and time to 
best (TB). We conduct thorough sensitivity analyses to evaluate potential biases and limitations in 
the experimental design, based on a statistical analysis of the results, including tests for 
significance and effect sizes. The performance of our algorithms is validated by comparing results 
with optimal solutions or bounds obtained using the best available exact QP solver (Gurobi 11.0.2). 
We make our data and solutions, comprising 455 instances, publicly available to enhance 
reproducibility and provide robust evidence supporting our findings.  

The primary objectives of this paper are twofold: 
 

1. To establish new necessary and sufficient conditions for local optimality of any quadratic 
integer program (QIP) by utilizing a closed-form formula to change a single variable, with 
applications to mixed-integer and continuous quadratic programs. 

2. To develop straightforward 1-Opt strategies and meta-heuristics based on a tabu search 
with an oscillation strategy for addressing problems QP0 and QP1, particularly in the 
context of very large-scale applications. We conduct extensive computational experiments 
on large-scale instances and provide a comparison with off-the-shelf software (Gurobi 
11.0.2). 

 
Through these contributions, we seek to enhance our understanding and practical applicability 

in solving complex problems, offering insights and strategies that demonstrate efficacy, 
particularly in addressing large-scale scenarios. 
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The remainder of this paper is organized as follows. Section 2 lays the groundwork by 
introducing the fundamental mathematical concepts underlying unconstrained quadratic integer 
programs (UQIPs) and constrained quadratic integer programs (CQIPs). We derive necessary and 
sufficient conditions for local optimality within each problem domain. We then present a 
straightforward yet exhaustive 1-Opt algorithm and a tailored tabu search with an oscillation 
strategy for each case. Our proposed algorithms are empirically validated in Section 3 through 
comprehensive computational experiments on problem instances featuring up to 8,000 variables. 
This section also includes a detailed comparison with the state-of-the-art software Gurobi 11.0.2, 
highlighting the performance and applicability of our methodologies in addressing complex 
optimization challenges, and provides in-depth analytic insights and implications, and Section 4 
concludes the paper. 
 
 
2. Literature review and methodology 
 
2.1 QIP direct solution heuristics versus encoding for QUBO 
 
When addressing QIP problems, we face a fundamental choice in methodology: do we solve the 
problem directly using specialized heuristics for integer variables, or do we transform non-binary 
integer variables into binary representations to fit quadratic unconstrained binary optimization 
(QUBO) formulations? While the community has largely gravitated toward QUBO due to its use 
of quantum annealing, a closer examination of direct solutions suggests that they may offer 
compelling advantages that are often overlooked. 

Take C.C. Chang et al. (2020) as a case in point. The authors attempted to map integer linear 
programming (ILP) problems to QUBO using binary encoding and slack variables, specifically 
testing this on minimum dominating set (MDS) problems. The math here gets messy; the encoding 
transformation produces ∑ logଶሺ𝑈௜ + 1ሻ௡௜ୀଵ  binary variables for every integer variable with a 
range 𝑈௜. For MDS on general graphs, the required qubits scale as 𝑛௏logଶ𝑛௏ before we even 
account for minor embedding overhead, leading to a massive increase in the dimensionality of the 
QUBO matrix. This introduces “qubit chaining,” where multiple physical qubits must represent a 
single logical variable, significantly complicating the process. The results were somewhat 
sobering—ground state probability only reached roughly 0.5 to 0.95, depending on the embedding. 
The authors themselves admit their results are “limited to small problems” and that the algorithm 
“outperforms random guessing but is limited to small problems” (C.C. Chang et al. 2020, 1). 

To sidestep this binary encoding issue, C.-Y. Chang et al. (2020) also experimented with 
Benders’ decomposition to solve mixed-integer programming problems iteratively. They 
decomposed these into binary QUBO subproblems and linear programming (LP) subproblems. 
However, this creates a different bottleneck: multiple Benders cuts require new penalty weights, 
leading to what appears to be a parameter explosion. As the iterations accumulate, the algorithm 
introduces constraints, and each one requires its own penalty weight 𝑤௧. The authors acknowledge 
that this is a “subtle” problem, which forces them to use “heuristic ways” to choose 𝑤௧. Even with 
careful tuning, simulated annealing—acting as a proxy for quantum hardware—struggles to satisfy 
constraints as the problem size grows. The constraint violation metric doesn’t hit zero; it converges 
to a residual of about 10ିଷ to 10ିଶ (C.-Y. Chang et al., 2020, Figure 7). As the authors note (C.-
Y. Chang et al. 2020, 8), “The main reason that simulated annealing fails to find the optimal 
solution is the violation of the constraints cuts... Adding a constraint in the form of an extra 
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quadratic penalty function effectively diminishes the weight share of the previous penalty 
functions.” For a standard unit commitment problem with 6 buses and 2-3 time periods, the 
algorithm needed 104 to 120 iterations to approach optimality. When you consider that classical 
branch-and-cut methods can solve these instances in seconds, the quantum approach appears to 
lag. 

We see similar friction in Ajagekar et al. (2022), who developed hybrid methods for job-shop 
and batch scheduling. They used a hybrid decomposition to solve the relaxed mixed-integer linear 
programming (MILP) (assignment) classically and handled the sequencing via quantum annealing. 
Although sequencing variables are naturally binary, they still had to convert constraints into 
QUBO form using penalty-free encoding. It is worth noting that their claim of being “parameter-
free” only really refers to avoiding the tuning of slack variable weights, not the complexity of the 
reformulation itself. For job-shop tasks, the QUBO dimension is ∣ 𝑆௠௡ ∣  (|𝑆௠௡ |  − 1)/2 per 
machine, which tends to explode as more jobs are added. Consequently, the experiment size had 
to be capped to fit the capacity of the D-Wave 2000Q. One has to wonder if the comparison to 
Gurobi fully accounts for the overhead added by the decomposition step itself; in many cases, 
direct integer programming heuristics would likely solve these instances much faster. 

Bernal et al. (2020) offer another perspective with their Graver augmented multi-seed 
Algorithm (GAMA). They used quantum annealing to compute the Graver basis for augmentation-
based integer optimization. Theoretically, this approach avoids encoding the objective in QUBO 
by using multiple feasible solutions as starting points instead. However, they convert the Graver 
basis to a QUBO via Lawrence lifting, which creates a significantly larger auxiliary problem. The 
overhead of solving this QUBO to find test sets seems to outweigh the benefit of the augmentation 
step for most problems. Furthermore, the computation of the Graver basis still relies on binary 
encoding with slack variables. They found that “using anywhere between 10-100% of the Graver 
Basis yielded very similar results” (Bernal et al. 2020, Section 7.5), implying that a large portion 
of the Graver basis elements are redundant. This suggests that direct algorithms tailored to specific 
problems may be more efficient than attempting to apply the Graver basis approach. 

The studies above highlight five distinct limitations of current QUBO formulations: 
 

1. The overhead from binary transformation appears practically unavoidable. 
2. Tuning penalty parameters remains a largely unsolved challenge. 
3. The small-sized instances used in experiments often fail to accurately estimate real 

hardware constraints. 
4. We have yet to see concrete evidence of quantum advantages over direct integer 

programming heuristics. 
5. Reliability concerns persist, with direct solutions via specialized MIQP heuristics likely to 

outperform QUBO-encoding on computational time, solution quality, and scalability. 
 

Motivated by these observations, we propose new heuristics for UQIP and CQIP that aim to 
bypass these reformulation bottlenecks. 
 
2.2 Mathematical basics 
 
We begin by tackling problem QP0, establishing key results that lay the foundation for developing 
heuristic algorithms. Specifically, we derive a necessary and sufficient condition for local 
optimality of the 1-Opt strategy, providing crucial insight for solving this problem. We then 
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generalize these results to encompass problem QP1, broadening their applicability. Notably, our 
findings have far-reaching implications, as they are universally applicable to any type of quadratic 
program (QP), including mixed-integer and continuous QPs. 

Given a solution vector x, for each component 𝑥௜ (i=1, …, n), we define the following: 
 𝑀(𝑥௜) = 𝑑௜ + ∑ 𝑞௝,௜𝑥௝௝ழ௜ + ∑ 𝑞௜,௝𝑥௝௝வ௜        (3) 

 
Throughout the paper, for the simplicity of notations, we interchangeably use M(i) with 𝑀(𝑥௜). 

Furthermore, we define:  
 𝑦1 = 0,𝑦2 = −𝑀(𝑖)/𝑞௜,௜, 𝑦∗ = −𝑀(𝑖)/2𝑞௜,௜, for (i=1, …, n, and 𝑞௜,௜ ≠ 0). 𝑦௠௔௫ = the closest integer to 𝑦∗ when 𝑞௜,௜ < 0 (if 𝑦∗ is integer, then 𝑦௠௔௫= 𝑦∗) 

 
Note that the y2 and 𝑦∗ values, and thus 𝑦௠௔௫, depend on subscripts i and j. We use the above 
symbols for simplicity of notation. 
 
Observation 1: Given a solution vector x, for any component 𝑥௜ (i=1, …, n), we can express f(x) 
as follows, where H is a quantity independent of the variable 𝑥௜. It is only dependent upon 𝑥௞, (for 
k=1, …, n, and 𝑘 ≠ 𝑖).  

 𝑓(𝑥) = 𝑓௜(𝑥) + 𝐻           (4) 𝑓௜(𝑥) = 𝑞௜,௜𝑥௜ଶ + 𝑥௜𝑀(𝑖)   
 
Note that 𝑓௜(𝑥) is a concave quadratic when 𝑞௜,௜ < 0, convex when 𝑞௜,௜ > 0, and linear when 𝑞௜,௜ =0. Furthermore, we defined 𝑦௠௔௫ only when 𝑓௜(𝑥) is concave. 
 
2.𝟑 Unconstrained QIP (UQIP) 
 
In Theorem 1 below, we present a simple necessary and sufficient condition for the local 
optimality of QP0. Details of proof are based on Figures 1, 2, and 3. 
 
Theorem 1. A solution 𝑥∗ is locally optimal for 1-Opt search for problem QP0 if and only if each 
component x௜∗, for i = 1, …, n, satisfies the following condition: 
 
 𝑞௜,௜ 𝑀(𝑖) 𝑦2 𝑦௠௔௫ x௜∗ 

0<  0≤  0≤  0≤  x௜∗ = 0 
0<  0>  0>  0>  x௜∗ = 𝑀𝑖𝑛{𝑦௠௔௫,𝑢௜} 
0>  0≥  0≤  − x௜∗ = 𝑢௜ 
0>  0<  0>  − If 𝑢௜ > 𝑦2 then x௜∗ = 𝑢௜, otherwise x௜∗ = 0 
0=  0<  − − x௜∗ = 0 
0=  0>  − − x௜∗ = 𝑢௜ 
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Proof: Note that, in all situations, feasible solutions must satisfy 0 ≤ x௜∗ ≤ 𝑢௜, for i=1,…,n. We 
now consider three situations, shown in Figures 1-3. 
 
 

 
Figure 1. The behavior of the quadratic function 𝑓௜(𝑥) when 𝑞௜,௜ < 0 for 
different values of M(i). 

 
 

 
Figure 2. The behavior of the quadratic function 𝑓௜(𝑥) when 𝑞௜,௜ > 0 for 
different values of M(i). 

 

y2 y1 y2
q(i,i)<0

M(i)<0 M(i)>0 M(i)=0

y2 y1 y2

q(i,i)>0

M(i)<0 M(i)>0 M(i)=0
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Figure 3. The behavior of the function 𝑓௜(𝑥) when 𝑞௜,௜ = 0 for different 
values of M(i). 

 
 

If 𝑞௜,௜ < 0 and 𝑀(𝑖) ≤ 0, all feasible values of 𝑥௜ makes 𝑓௜(𝑥) ≤ 0 , thus x௜∗ = 0 is the best 
choice since 𝑓௜(𝑥∗) = 0. If 𝑞௜,௜ < 0 and M(i) > 0, values of 𝑥௜ in the interval [y1, y2] makes 𝑓௜(𝑥) ≥0. To satisfy upper bound feasibility, the best choice is thus x௜∗ = 𝑀𝑖𝑛{𝑦௠௔௫,𝑢௜}. These situations 
are shown in Figure 1. 

If 𝑞௜,௜ > 0 and 𝑀(𝑖) ≥ 0, any value of 𝑥௜ ≥ 0 makes 𝑓௜(𝑥) ≥ 0. To satisfy upper bound 
feasibility, the best choice is now x௜∗ = 𝑢௜. If 𝑞௜,௜ > 0 and M(i) < 0, only 𝑥௜ > 𝑦2 makes 𝑓௜(𝑥) > 0. 
To keep the upper bound feasibility, the best choice of x௜∗ must be equal to 𝑢௜ if 𝑢௜ > 𝑦2, otherwise, 
it is 0. These situations are shown in Figure 2. 

If 𝑞௜,௜ = 0, we have a linear function for 𝑓௜(𝑥). Here, we only have two cases. Values of 𝑥௜ ≥0 for M(i) < 0 makes 𝑓௜(𝑥) ≤ 0 . Thus, the best choice is x௜∗ = 0. However, when M(i) > 0, we 
have 𝑓௜(𝑥) ≥ 0 for all 𝑥௜ ≥ 0. To keep the upper bound feasible, the best choice is x௜∗ = 𝑢௜. Figure 
3 illustrates these situations. 

Given solution x, if we modify a component 𝑥௜ to y, the resulting change in the objective 
function value and the corresponding updates to M(j) (j=1, …, n) can be efficiently computed as 
follows. These updates can be performed in O(n) time, ensuring an efficient computation. 
 

If 𝑥௜ = 0  and y>0,  𝑓(𝑥) = 𝑓(𝑥) + ൣ𝑞௜,௜𝑦ଶ + 𝑀(𝑖)𝑦൧ 
     If 𝑥௜ > 0  and y=0,  𝑓(𝑥) = 𝑓(𝑥) − ൣ𝑞௜,௜𝑥௜ଶ + 𝑀(𝑖)𝑥௜൧     (5) 

 
For: 
 𝑗 < 𝑖,𝑀(𝑗) = 𝑀(𝑗) + (𝑦 − 𝑥௜)𝑞௝,௜ 𝑗 > 𝑖,𝑀(𝑗) = 𝑀(𝑗) + (𝑦 − 𝑥௜)𝑞௜,௝ 

 

y1

q(i,i)=0

M(i)<0 M(i)>0
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Numerical example for UQIP: Consider an upper triangular matrix Q, vectors d, and an upper 
bound vector u as follows. 
 
 

 

 
 
 

Let’s start with a random solution, X0 = (1, 0, 1, 0, 1, 4, 1, 0, 1, 7). Using Theorem 1, we can 
find M(i), y2(i), 𝑦௠௔௫. We randomly chose a component of X0 (in this case, 𝑥ସ = 0, and change 
according to Theorem 1. It changes to 𝑥ସ = 6. In the next step, we randomly chose a component 
of X1, in this case, 𝑥଼ = 0, and according to Theorem 1, its value is changed to 𝑥଼ = 6. The 
process continues until no more components of X can be changed. This process stops at X10=(3, 
0, 7, 6, 4, 1, 1, 6, 0, 5) with a local optimal Z=2970, which happens to be the optimal value. 
 
 

 
 
 

Building upon Theorem 1, we can efficiently obtain a locally optimal solution using a simple 
1-Opt local search. Our experimental results confirm that an exhaustive 1-Opt local search can 
rapidly converge to local optimality. To improve solution quality and escape local optimality, we 
design a hybrid heuristic approach that combines a genetic algorithm with random keys (GARK) 
and tabu search with an oscillation strategy (TSOS). We present two algorithms for problem QP0: 
Algorithm 1 integrates an exhaustive 1-Opt local search with GARK, and Algorithm 2 combines 
GARK with TSOS. The pseudocode of algorithms is presented in the online supplement. 

-6 -4 -16 18 11 -4 14 0 2 -4
0 8 3 -18 -1 -4 -16 9 0

15 -5 13 1 -13 11 -11 9
14 8 -7 13 -1 -15 1

-4 5 6 3 0 3
-17 16 3 1 7

-17 9 -19 -18
4 -16 18

4 18
-19

Q=

d(i) 8 1 12 8 8 7 6 5 4 15
u(i) 8 6 7 6 4 8 2 6 3 8

n X0 qi,i M(i) y2(i) y(max) X1 qi,i M(i) y2(i) y(max) X2 qi,i M(i) y2(i) y(max) X3 qi,i M(i) y2(i) y(max) X4 qi,i M(i) y2(i) y(max) X5 qi,i M(i) y2(i) y(max)
1 1 -6 -25 -4.17 -2 1 -6 83 13.83 7 1 -6 83 13.83 7 7 -6 83 13.83 7 7 -6 -13 -2.17 -1 7 -6 -1 -0.17 0
2 0 0 -12 0 0 6 0 0 -90 0 0 -114 0 0 -66 0 0 -63
3 1 15 52 -3.47 -2 1 15 22 -1.47 -1 1 15 88 -5.87 -3 1 15 -8 0.53 0 7 15 -8 0.53 0 7 15 -11 0.73 0
4 0 14 6 -0.43 0 6 14 6 -0.43 0 6 14 0 0 0 6 14 108 -7.71 -4 6 14 78 -5.57 -3 6 14 99 -7.07 -4
5 1 -4 79 19.75 10 1 -4 127 31.75 16 1 -4 145 36.25 18 1 -4 211 52.75 26 1 -4 289 72.25 36 1 -4 274 68.5 34
6 4 -17 75 4.41 2 4 -17 33 1.94 1 4 -17 51 3 2 4 -17 27 1.59 1 4 -17 33 1.94 1 1 -17 33 1.94 1
7 1 -17 -68 -4 -2 1 -17 10 0.59 0 1 -17 64 3.76 2 1 -17 148 8.71 4 1 -17 70 4.12 2 1 -17 22 1.29 1
8 0 4 150 -37.5 -19 0 4 144 -36 -18 6 4 144 -36 -18 6 4 144 -36 -18 6 4 210 -52.5 -26 6 4 201 -50.25 -25
9 1 4 106 -26.5 -13 1 4 16 -4 -2 1 4 -80 20 10 1 4 -68 17 9 1 4 -134 33.5 17 1 4 -137 34.25 17
10 7 -19 51 2.68 1 7 -19 57 3 2 7 -19 165 8.68 4 7 -19 141 7.42 4 7 -19 195 10.26 5 7 -19 174 9.16 5

Z=-725 Z=-185 Z=823 Z=1033 Z=1705 Z=1861

X6 qi,i M(i) y2(i) y(max) X7 qi,i M(i) y2(i) y(max) X8 qi,i M(i) y2(i) y(max) X9 qi,i M(i) y2(i) y(max) X10 qi,i M(i) y2(i) y(max)
7 -6 -3 -0.5 0 0 -6 -3 -0.5 0 0 -6 30 5 3 0 -6 38 6.33 3 3 -6 38 6.33 3
0 0 -72 0 0 -44 0 0 -98 0 0 -98 0 0 -110
7 15 0 0 0 7 15 112 -7.47 -4 7 15 151 -10.1 -5 7 15 133 -8.87 -4 7 15 85 -5.67 -3
6 14 114 -8.14 -4 6 14 -12 0.86 0 6 14 12 -0.86 0 6 14 10 -0.71 0 6 14 64 -4.57 -2
1 -4 274 68.5 34 1 -4 197 49.25 25 4 -4 197 49.25 25 4 -4 191 47.75 24 4 -4 224 56 28
1 -17 32 1.88 1 1 -17 60 3.53 2 1 -17 75 4.41 2 1 -17 61 3.59 2 1 -17 49 2.88 1
1 -17 41 2.41 1 1 -17 -57 -3.35 -2 1 -17 -39 -2.29 -1 1 -17 -3 -0.18 0 1 -17 39 2.29 1
6 4 217 -54.3 -27 6 4 217 -54.3 -27 6 4 226 -56.5 -28 6 4 190 -47.5 -24 6 4 190 -47.5 -24
0 4 -137 34.25 17 0 4 -151 37.75 19 0 4 -151 37.75 19 0 4 -187 46.75 23 0 4 -181 45.25 23
7 -19 156 8.21 4 7 -19 184 9.68 5 7 -19 193 10.16 5 5 -19 193 10.16 5 5 -19 181 9.53 5

Z=1994 Z=2309 Z=2840 Z=2910 Z=2970
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2.4 Multi-constrained QIP (CQIP) 
 
The quadratic multi-knapsack integer program (P1) has numerous applications (Kellerer et al. 
2004). For binary variables, several algorithms are available for medium- to large-scale problems 
(Dahmani and Hifi 2019; Fomeni and Letchford 2013; Pisinger et al. 2007; Wang et al. 2012). 
Notably, the objective function of CQIP is identical to that of QP1. Therefore, when solving QP1, 
we focus solely on addressing the feasibility issues of the problem. Interestingly, when the 
objective function only includes the linear term, dx, a heuristic capable of handling large-scale 
problems has been recently developed by Alidaee et al. (2018). Their approach employed surrogate 
programming within a critical event tabu search, a variant of tabu search with an oscillation 
strategy, and provided solution procedures for large-scale problems. 

Let 𝑎௝,௜ denote the ji-th element of Matrix A. Given a feasible solution x, the uncommitted 
budget from resource j (j=1, …, m), yet available to be allocated to agents i=1, …, n, denoted by 𝐵௝ is defined as follows: 
 𝐵௝ = 𝑏௝ − ∑ 𝑎௝,௜𝑥௜௡௜ୀଵ , for j=1, …, m         (6) 
 
Also, let 
 𝛼௜ = 𝑀𝑖𝑛ଵஸ௝ஸ௠උ𝐵௝/𝑞௝,௜ඏ, and 𝑦௜ = 𝑀𝑖𝑛{𝑢௜ ,𝛼௜ + 𝑥௜}, for i=1, …, n. 
 

Given a feasible solution x, the value of 𝛼௜ represents the maximum additional amount of 
resource type j that can be allocated to agent i, i.e., this amount can be added to the already 
allocated resource 𝑥௜ while ignoring the upper-bound constraint. However, the value of 𝑦௜ 
represents the maximum total amount of resource j that can be allocated to agent i, including the 
existing allocation 𝑥௜. In that, the upper-bound constraint is accounted for. 

Theorem 2 establishes the necessary and sufficient conditions for a local optimum of a solution 
x of problem QP1. Details of the proof are based on Figures 1, 2, and 3. 
 
Theorem 2. A solution 𝑥∗ is locally optimal for the 1-Opt search for problem QP1 if and only if 
each component 𝑥௜∗, for i = 1, …, n, satisfies the following condition: 
 
 𝑞௜,௜ 𝑀(𝑖) 𝑦2 𝑦௠௔௫ x௜∗ 

0<  0≤  0≤  0≤  x௜∗ = 0 
0<  0>  0>  0>  x௜∗ = 𝑀𝑖𝑛{𝑦௠௔௫,𝑢௜ ,𝛼௜ + 𝑥௜} 
0>  0≥  0≤  − x௜∗ = 𝑀𝑖𝑛{𝑢௜ ,𝛼௜ + x௜∗} 
0>  0<  0>  − If 𝑢௜ > 𝑦2 then x௜∗ = 𝑀𝑖𝑛{𝑢௜ ,𝛼௜ + x௜∗} otherwise x௜∗ = 0 
0=  0<  − − x௜∗ = 0 
0=  0>  − − x௜∗ = 𝑀𝑖𝑛{𝑢௜ ,𝛼௜ + x௜∗} 
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Proof: Note that, in all situations, feasible solutions must satisfy 0 ≤ x௜∗ ≤ 𝑢௜, for i=1, …, n. The 
proof is similar to that of Theorem 1, while accounting for budget constraints. We consider three 
scenarios, as illustrated in Figures 1-3.  
 

If 𝑞௜,௜ < 0 and 𝑀(𝑖) ≤ 0, we have a similar situation in Theorem 1, thus x௜∗ = 0. If 𝑞௜,௜ < 0 
and M(i) > 0, values of 𝑥௜ in the interval [y1, y2] makes 𝑓௜(𝑥) ≥ 0. To satisfy budget constraints 
and upper-bound feasibility, using the earlier definition for the maximum amount of budget that 
can be allocated to component i, we must satisfy x௜∗ = 𝑀𝑖𝑛{𝑦௠௔௫,𝑢௜ ,𝛼௜ + 𝑥௜} . Note that, here 
when 𝛼௜ + x௜∗ < 𝑀𝑖𝑛{𝑦௠௔௫,𝑢௜}, the best choice is the maximum total amount of resource type j 
that can be allocated to agent i, including the existing allocation x௜∗, (illustrated in Figure 1). 

If 𝑞௜,௜ > 0 and 𝑀(𝑖) ≥ 0, similar to the case for Theorem 1, any value of 𝑥௜ ≥ 0 makes 𝑓௜(𝑥) ≥ 0. To satisfy budget constraints and upper-bound feasibility, the best choice is now  x௜∗ = 𝑀𝑖𝑛{𝑢௜ ,𝛼௜ + x௜∗}. If 𝑞௜,௜ > 0 and M(i) < 0, only 𝑥௜ > 𝑦2 makes 𝑓௜(𝑥) > 0. To keep the upper 
bound and budget constraints feasible, the best choice of x௜∗ must be equal to  x௜∗ = 𝑀𝑖𝑛{𝑢௜ ,𝛼௜ + x௜∗} if 𝑢௜ > 𝑦2. Otherwise, it is 0 (refer to Figure 2). 

If 𝑞௜,௜ = 0, again, we have a linear function for 𝑓௜(𝑥). Here, we only have two cases. Values of 𝑥௜ ≥ 0 for M(i) < 0 makes 𝑓௜(𝑥) ≤ 0. In this case, the best choice is x௜∗ = 0. However, when M(i) 
> 0, we have 𝑓௜(𝑥) ≥ 0 for all 𝑥௜ ≥ 0. To keep budget constraints and upper-bound feasibility, the 
best choice is  x௜∗ = 𝑀𝑖𝑛{𝑢௜ ,𝛼௜ + x௜∗}. Figure 3 illustrates these situations. 

Similar to Algorithms 1 and 2, we use Theorem 2 to develop Algorithms 3 and 4 for CQIP, 
which are given in the online supplement. Notably, a key aspect of both algorithms is maintaining 
the feasibility of the solutions throughout their implementation.  
 The primary objective of this study is to develop a method that efficiently and directly obtains 
high-quality, locally optimal solutions for extremely large-scale uncapacitated quadratic integer 
programming (UQIP) and capacitated quadratic integer programming (CQIP) instances, while 
maintaining a reasonable computational time. In the following section, we comprehensively 
compare algorithms on massive-scale UQIP and CQIP instances, as well as smaller instances that 
can be solved to global optimality using Gurobi 11.0.2. It is worth noting that both UQIP and CQIP 
instances can exhibit convex or non-convex properties, depending on the specific values of the 
objective coefficients. Interestingly, Gurobi 11.0.2 provides a built-in function to transform non-
convex objectives into convex forms, which can be solved using the spatial branching method. 
Moreover, the default runtime parameters are used throughout the instances. 
 
 
3. Computational results 
 
This section presents performance evaluations of the proposed algorithms. To assess the 
effectiveness of our methods, we conducted an extensive series of computational experiments. The 
algorithms were implemented in Fortran and compiled using the GNU Fortran90 compiler. All 
experiments were performed on a single core of an Intel Xeon E5-2695 with a 2.10 GHz CPU and 
8 GB of memory. To ensure a fair comparison, all computational jobs were submitted through the 
OpenPBS job management system, allowing for identical CPU and memory usage for each solver 
and algorithm in the same instance. Table 2 summarizes the test instance generation information 
used in this study. The notations employed to generate these instances are explained in Table 1. 
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The datasets for the uncapacitated quadratic integer programming (UQIP) instances, with sizes 
ranging up to 8,000 variables, are publicly available at 
https://figshare.com/s/586301dedee29689502c. Similarly, the datasets for the capacitated 
quadratic integer programming (CQIP) instances, featuring up to 8,000 variables and 4,000 
constraints with varying levels of difficulty, are accessible at that same site. 

In Table 2, Row m and the last two rows are related to constraints in CQIP, and the rest of the 
information is related to both UQIP and CQIP. Also, note that the last row is associated with the 
tightness of the right-hand side (RHS) of constraints.  
 
 
Table 1. Notations used in tables and figures. 
n Number of variables 
m Number of constraints (a percentage, c, of n) 
llq (ulq) The lower (upper) bound of values for the coefficients of the off-diagonal of the 

quadratic matrix 
lldiag 
(uldiag) 

The lower (upper) bound of values for the coefficients of the diagonal of the 
quadratic matrix 

lld (uld) The lower (upper) bound of values for the coefficients of linear terms 
lla (ula) The lower (upper) bound of values for the left-hand side (LHS) of constraints 
lls (uls) The lower (upper) bound of ratios (percentage) of the sum of coefficients of LHS 

for generating right-hand-side (RHS) constraints 
 
 
Table 2. Test instances generation information. 
Parameter Problem-1 

(P1) 
Problem-2 
(P2) 

Problem-3 
(P3) 

Problem-4 
(P4) 

Problem-5 
(P5) 

n 10-8,000 10-8,000 10-8,000 10-8,000 10-8,000 
m c*n c*n c*n c*n c*n 
(llq, ulq) (-20, 20) (-40, 40) (-80, 80) (-160, 160) (-200, 200) 
(lldiag, uldiag) (-20, 20) (-40, 40) (-80, 80) (-160, 160) (-200, 200) 
(lld, uld) (1, 20) (1, 40) (1, 80) (1, 60) (1, 200) 
(llx, ulx) (0, 10) (0, 20) (0, 40) (0, 80) (0, 100) 
(lla, ula) (0, 9) (0, 19) (0, 39) (0, 79) (0, 99) 
(lls, uls) e, d, h e, d, h e, d, h e, d, h e, d, h 
Note: c = 0.2 and 0.5; e = (0.6, 0.8); d = (0.4, 0.6); and h = (0.2, 0.4). 
 
 

In tables regarding UQIP, a problem is represented as na-p. In that case, a is the number of 
variables, p is the Problem-p. For example, n1000-3 means a UQIP with 1,000 variables, and the 
rest of the data is randomly chosen from Column Problem-3 (P3). In tables regarding CQIP, a 
problem is represented as nambg-p. Here, a is the number of variables, b is the number of 
constraints, g is the level of tightness (from the last row), and p is the Problem-p. For example, 
n1000m200e-3 means a CQIP with 1,000 variables, 200 constraints (c = 0.2), RHS randomly 
chosen in the bracket e = (0.6, 0.8), and other features randomly chosen from the brackets in the 
Column Problem-3 (P3). Tables 3 and 4 present the number of instances of UQIP and CQIP in this 
study, totaling 455 instances. For UQIP, we have 65 instances with 13 variable sizes and 5 problem 
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types. For CQIP, we have 390 instances with 13 variable sizes, 26 constraint sizes, three levels of 
difficulty, and 5 problem types. There are 140 very large and challenging instances with variable 
sizes up to 8,000 and constraint sizes up to 4,000. 
 
 
Table 3. Instances for UQIP (total of 65 instances). 
 small medium large 
n 10 20 30 40 50 100 200 400 800 1,00

0 
2,00
0 

4,00
0 

8,00
0 

P1 1 1 1 1 1 1 1 1 1 1 1 1 1 
P2 1 1 1 1 1 1 1 1 1 1 1 1 1 
P3 1 1 1 1 1 1 1 1 1 1 1 1 1 
P4 1 1 1 1 1 1 1 1 1 1 1 1 1 
P5 1 1 1 1 1 1 1 1 1 1 1 1 1 

 
 
Table 4. Instances for CQIP (total of 390 instances). 
 small medium large 
n 10 20 30 40 50 100 200 400 800 1,00

0 
2,000 4,000 8,000 

m 2, 5 4, 
10 

6, 
15 

8, 
20 

10, 
25 

20, 
50 

40, 
100 

80, 
200 

160, 
400 

200, 
500 

400, 
1,000 

800, 
2,000 

1,600, 
4,000 

P1 6 6 6 6 6 6 6 6 6 6 6 6 6 
P2 6 6 6 6 6 6 6 6 6 6 6 6 6 
P3 6 6 6 6 6 6 6 6 6 6 6 6 6 
P4 6 6 6 6 6 6 6 6 6 6 6 6 6 
P5 6 6 6 6 6 6 6 6 6 6 6 6 6 

 
 

The following criteria were used to compare the performance of the algorithms. 
 

• OFV: Best-found objective function value by each algorithm 
• BFS: Best solution found among algorithms and solver within CPU time limit (10-run 

average) 
• RPD: The relative percentage deviation (RPD) is employed to assess the relative 

performance of each algorithm compared to the best-found solution (BFS) on the same 
instance, calculated as 𝑅𝑃𝐷 = 100 × ஻ிௌିைி௏஻ிௌ  

• TB[s]: Average time (in seconds) to reach the best solution over 10 independent runs 
 
3.1 Analysis of results for UQIP 
 
The preliminary results suggested that Algorithms 1 and 2 significantly outperform Gurobi 11.0.2 
on instances of all sizes. In these problem sizes, n ranges from 10 to 50 (small problems), from 
100 to 200 (moderate problems), and from 400 to 800 (larger problems), and the results are 
provided at https://figshare.com/s/586301dedee29689502c. In the preliminary experiment, we 
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allocated 60 seconds for Algorithms 1 and 2, and 7,200 seconds for Gurobi 11.0.2. Algorithms 1 
and 2 obtained the best-known solutions (BSF) for all small-sized problems. However, Gurobi 
11.0.2 obtained 20 of the 25 best solutions, missing 5. For 20 moderate-size problems, Algorithm 
2 obtained the best solution in all 20 solved problems, Algorithm 1 obtained 8 best solutions, and 
Gurobi 11.0.2 obtained only four best solutions, missing 16. For larger-size problems, Algorithm 
2 also obtained the best solution in all cases; Algorithm 1 gave 4 best solutions, while Gurobi 
11.0.2 obtained only one best solution. Furthermore, consistent with the results of 
Chaovalitwongse et al. (2009), the preliminary experiments also showed that the best solutions 
were usually found at the extreme value of x. As the problem size increases, more 𝑥௜ values, (i=1, 
…, n), in the best-found solutions occurred at the extreme points, primarily at the upper bound 
value.  

The large UQIP instances in this study are very challenging for the Gurobi 11.0.2 solver. The 
absence of explicit constraints results in an unbounded feasible region, making it difficult for the 
Gurobi solver to determine starting points or search directions, which can potentially lead to 
numerical instability or slow convergence. This lack of bounding constraints also increases the 
risk of unboundedness, which can be computationally expensive to detect and prove. Furthermore, 
the absence of constraints limits pre-solve opportunities and the ability to exploit sparsity. 
Convexity detection becomes more challenging as it depends entirely on the objective function 
without the aid of a constrained feasible region. 

Finally, we applied the algorithms to very large-scale problems, with sizes ranging from 1,000 
to 8,000 variables. The results are shown in Table A1 and Figure 4 in the online supplement. For 
these problems, we allocated 600 seconds for Algorithms 1 and 2, and 14,400 seconds for Gurobi 
11.0.2.   

The results in Table A1 show that Algorithm 2 obtained the best solutions for all problems. 
The results of this algorithm were used as the basis for comparison. The average time to reach the 
best solution for problem sizes of 1,000, 2,000, 4,000, and 8,000 were 43.85, 7.58, 99.56, and 
345.73 seconds. The same criteria for Algorithm 1 were 0.18, 0.91, 3.52, and 19.26 seconds, while 
those for Gurobi were 2,532.20, 728.60, 2,979.80, and 12,414.80 seconds. However, regarding 
different problem types, no specific pattern can be discerned.  

For each instance, the success rate, defined as the number of runs that reached its best-found 
solution (BFS) out of 10 runs, is provided in parentheses. For Algorithm 2 and problem sizes n 
equal to 1,000 and 2,000, this value was 3.7. For problem sizes 4,000 and 8,000, it was 1. However, 
for Algorithm 1, this value was 1 for all instances. Figure 4 in the online supplement compares 
RPD results for Algorithm 1 and Gurobi 11.0.2 for different problem sizes. As the problem size 
increases, the gap with BFS for Gurobi becomes significantly larger, while for Algorithm 1, it 
remains stable.  

Earlier, it was mentioned that preliminary results revealed values of 𝑥௜ (i=1, …, n). The BFS 
usually occurs at extreme points. Figure 5 in the online supplement shows these results for different 
problem sizes. Interestingly, about 60% of these values occurred at 𝑢௜ and about 40% at 0. Overall, 
99.97% of these values occurred at the extreme points. This is important, especially from the 
perspective of heuristic development, as it suggests that checking fewer possibilities for each value 
of 𝑥௜ (i=1, …, n) may be sufficient. 
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3.2 Analysis of results for CQIP 
 
Analysis of experimental results for CQIP should consider the various tightness of constraints, as 
it affects the problem’s difficulty. We considered two possible cases for the number of constraints, 
namely c=0.2 and c=0.5, where m=c*n. Similar to the experiments for UQIP, we also conducted 
preliminary experiments for Algorithms 3, 4, and Gurobi 11.0.2 for CQIP. The results are 
provided at https://figshare.com/s/afc8cc6d120d1f21a2ce. However, the preliminary results 
revealed differences with UQIP. Although Algorithm 4 provided the best results in all cases, with 
an average of 9.16 seconds, Gurobi software also obtained very good results, often the best or very 
close to the best solution, with an average of 4,015.712 seconds. Algorithm 3, however, was not 
as effective as expected in the preliminary results, with an average RPD of 12.34 and an average 
CPU time of 0.42 seconds. However, as the problem size increases, the performance of Algorithm 
3 also improves, as will be seen in the final experiments for large-scale problems. Note that the 
best solutions for the CQIP problem are almost always at boundary points. Similar to UQIP, we 
ultimately experimented with algorithms for very large-scale problems, with sizes ranging from 
1,000 to 8,000 variables. The results are presented in Tables A2-4 and Figures 6-8 in the online 
supplement. Here, we allocated 600 seconds for Algorithms 3 and 4, and 14,400 seconds for 
Gurobi 11.0.2. 
 
3.2.1 Regarding Gurobi 11.0.2 performance 
The average RPD for Type-h problems (very tight problems) is approximately 5.5 times larger 
than the average RPD of Type-e and Type-d problems. Interestingly, the average time to reach its 
own best solutions for Type-h problems was 57% of the average time for Type-e and Type-d 
problems. These differences are more pronounced for cases with a different number of constraints. 
For c=0.2, the average RPD is 6.5 times larger for Type-h problems compared to Type-e and Type-
d problems, while the average time to reach its best solutions was 63% of the average time for 
Type-e and Type-d problems. For c=0.5, the average RPD is 4.8 times larger for Type-h problems 
compared to Type-e and Type-d problems, while the average time to reach its best solutions was 
51% of the average time for Type-e and Type-d problems. However, other parameters, such as 
diagonal, off-diagonal, data, and coefficients of x, as well as upper bounds for x, do not 
significantly affect the performance of Gurobi. Overall, these results suggest that the tightness of 
constraints is the most significant factor affecting the performance of the Gurobi solver. The 
challenges of solving very large CQIP problems with Gurobi’s solver are multifaceted and 
significant, stemming from these problems’ inherent complexity of tightness of constraints and the 
computational resources’ practical limitations. As problem sizes include thousands of variables 
and constraints, memory requirements can become prohibitive, with even moderately large 
matrices consuming gigabytes of memory, potentially exceeding available system resources. The 
computational complexity of CQIP problems, which are generally NP-hard, leads to exponential 
increases in solution time as the problem size grows, making it extremely difficult to solve large 
instances optimally. Non-convexity in quadratic terms further complicates the solving process, 
introducing multiple local optima and challenging the solver’s ability to find and prove global 
optimality. While Gurobi is a state-of-the-art solver, it still faces practical limitations when dealing 
with large problems, often hitting time limits or struggling to progress toward optimality. 
Numerical stability issues can arise in large-scale CQIP problems, particularly with large 
coefficients or poor scaling. The pre-solve phase and necessary reformulations for large problems 
can be time-consuming and memory-intensive. Integer variables introduce another layer of 
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complexity, necessitating branch-and-bound or other discrete optimization techniques that become 
particularly challenging on a large scale.  
 
3.2.2 Regarding Algorithm 3 performance 
Regarding Problem Type-h (very tight constraints): The average RPD for Algorithm 3 across all 
problems was 7.29, with the average time to reach its best solution being 65.46 seconds. The 
average time to reach the best solutions for case c=0.5 is 8.16 times larger than that for case c=0.2, 
while the average RPD for these two cases is nearly identical.   

Regarding Problem Type-d (medium tight constraints): The average RPD for Algorithm 3 
across all problems was 1.26, significantly lower than that for Type-h problems. However, the 
average time to reach its best solution was substantially longer, equal to 208.25 seconds, which is 
3.2 times longer. The average times to reach the best solutions for the two cases, c=0.2 and c=0.5, 
were comparable; the average RPD values for these two cases were also comparable. These 
findings suggest that the number of constraints did not significantly affect the algorithm's 
performance. 

Regarding Problem Type-e (loosely tight constraints): The average RPD for Algorithm 3 
across all problems was 0.76, lower than that for Type-d problems. Interestingly, this algorithm 
once produced the best-found solution (BFS) among the different algorithms. However, the 
average time to reach its best solution was also longer, equal to 262.58 seconds, which is 1.26 
times longer. The average time to reach the best solutions for the two cases, c=0.2 and c=0.5, were 
comparable; the average RPD values for these two cases were also comparable. Similar to the case 
of Type-d problems, these findings suggest that the number of constraints did not significantly 
impact the algorithm’s performance. 
 
3.2.3 Regarding Algorithm 4 performance  
Note that the BFS among all algorithms was consistently provided by Algorithm 4. The results of 
this algorithm served as the basis for comparison with those of other algorithms. 

Regarding Problem Type-h (very tight constraints): The average time to reach its best-found 
solution (i.e., BFS) was significantly longer than for Algorithm 3, which is 2.3 times larger. The 
average time to find the best solutions for case c=0.5 was slightly longer than for case c=0.2 
problems.   

Regarding Problem Type-d (medium tight constraints): The average time to reach its best-
found solution (i.e., BFS) was significantly longer than the average time for Type-e problems, 
being 1.54 times larger. The average times to reach the best solutions for cases c=0.2 and c=0.5 
were identical.  

Regarding Problem Type-e (very tight constraints): The average time to reach its best-found 
solution (i.e., BFS) was significantly longer than that for Type-h problems and comparable to 
that for Type-d problems. The average time to find the best solutions for case c=0.5 was marginally 
longer than for case c=0.2 problems.  
 
3.2.4 Extreme values of x in BFS  
Similar to the results of UQIP, over 99.5% of the best-found solutions of CQIP for all problem 
types also occurred at extreme values for each 𝑥௜ (i=1, …, n). Figures 6-8 in the online supplement 
show these results for different problem sizes and types. However, there are some differences 
between the results of UQIP and CQIP, as well as among different problem types. As constraints 
become tighter, more values of 𝑥௜ occur at the upper bounds. This is evident from Figure 8 in the 
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online supplement, which shows loosely tight problems, where the percentage of extreme values 
for each 𝑥௜ is closer. Additionally, in comparison to UQIP, problems of Type-h and Type-d for 
CQIP have more values of 𝑥௜ occurring at the upper bound. 
 
3.2.5 Algorithms vs Gurobi solver 
The RPD between algorithms and the Gurobi solver on large UQIP instances is significantly larger 
than the RPD between algorithms and the Gurobi solver on large CQIP instances, primarily due to 
the unbounded feasible region of UQIP. The proposed algorithms are less sensitive to the existence 
of constraints. UQIP is easier to solve using the proposed algorithms in this study. Additionally, 
for the Gurobi solver, the choice of underlying solution method becomes crucial for performance, 
and the specific structure of quadratic terms (sparse vs. dense) can significantly impact solver 
performance. For large problems, proving optimality or achieving a small optimality gap can be 
extremely time-consuming, often forcing the solver to settle for good, feasible solutions without 
global optimality guarantees within the time limit. Gurobi’s reported gap value for large instances 
is a crucial metric that provides insight into the quality of the current best solution relative to the 
best possible solution. The gap is calculated as the absolute difference between the best bound 
(ObjBound) and the objective value of the best feasible solution (ObjVal), divided by the absolute 
value of ObjVal. It’s important to note that for very large problems, achieving a small optimality 
gap or proving optimality can be extremely time-consuming, often requiring users to settle for 
good, feasible solutions without global optimality guarantees. While Gurobi can handle both 
constrained and unconstrained QIP problems, the structure provided by constraints often aids in 
the solution process. For this reason, it is generally recommended to formulate real-world problems 
with appropriate constraints to improve solver performance and solution reliability when possible. 
 
3.2.6 Sensitivity and reliability analysis 
This study employs a comprehensive suite of statistical methods to assess the sensitivity and 
reliability of proposed algorithms. Statistical ranking methods compare multiple algorithms across 
various problem instances. The study emphasizes the importance of using sufficient runs and 
problem instances, selecting appropriate significance levels, correcting for multiple comparisons, 
and reporting both p-values and effect sizes to ensure robust and meaningful results. When 
assessing the performance of various algorithms across different instances or datasets, Friedman’s 
(1937) test is frequently employed as a non-parametric statistical method. It is suitable for 
comparing the performance of k algorithms over N datasets, acting as a non-parametric alternative 
to repeated measures analysis of variance (ANOVA). The test proceeds by ranking the algorithms 
based on their performance on each dataset. The null hypothesis states that there is no significant 
difference in the performance ranks of the algorithms. If Friedman’s test yields a statistically 
significant result, it indicates an overall difference among the algorithms, allowing for rejection of 
the null hypothesis. 

Following a significant Friedman test, post-hoc tests are necessary to determine which specific 
pairs of algorithms exhibit statistically significant differences. Nemenyi’s (1963) test is one such 
post-hoc procedure, used for pairwise comparisons of all algorithms when no control group is 
designated. It compares the average ranks of the algorithms and controls the familywise error rate, 
which is the probability of making at least one false discovery across all pairwise comparisons. A 
significant difference between two algorithms is declared if their average ranks differ by more than 
a calculated critical difference (CD). 
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Alternatively, pairwise signed-rank tests, such as the Wilcoxon signed-rank test, can also serve 
as post-hoc tests after a significant Friedman test (Woolson 2005). The Wilcoxon signed-rank test 
is a non-parametric paired difference test that compares two algorithms based on matched data 
points (i.e., their performance on each dataset). Unlike the simpler sign test, it considers the 
magnitude and direction of the differences by ranking them. When performing multiple pairwise 
Wilcoxon tests, applying a family-wise error correction method, such as the Bonferroni method, 
to adjust the significance level and mitigate the increased risk of Type I errors from multiple 
comparisons is essential. Reporting results typically involves stating the test statistics, degrees of 
freedom, and p-value for the omnibus test, then detailing which pairwise comparisons were 
significant according to the chosen post-hoc test and correction method. Tables 5 and 6 present the 
sensitivity and reliability analysis of the algorithms.  
 
 
Table 5. Results of Friedman’s test, Nemenyi’s post-hoc test, and pairwise Wilcoxon test on the 
OFV of 65 UQIP instances. 
Friedman’s Test for Gurobi, Algorithm 1, and Algorithm 2 
Number of complete experiments (blocks/rows): 65 
Number of algorithms (groups/columns): 3 
Friedman chi-squared statistic: 74.73 
p-value: 5.91e-17 
Note: Friedman’s test was conducted on OFV data from 65 instances to compare the performance of Gurobi, 
Algorithm 1, and Algorithm 2, yielding a chi-squared statistic of 74.73 (p-value = 5.91e-17). This highly 
significant result indicates consistent and substantial differences in performance ranks among the three algorithms 
across all instances. Since the p-value is far below 0.05, we reject the null hypothesis that all algorithms perform 
equivalently. However, while Friedman’s test confirms a significant difference exists, it does not identify which 
specific algorithm pairs differ or the direction of those differences. 
--- Post-Hoc Analysis --- 
Nemenyi’s Post-Hoc Test Results (pairwise p-values): 
 Gurobi Algorithm 1 Algorithm 2 
Gurobi  2.34E-04 3.44E-10 
Algorithm 1 2.34E-04  3.33E-02 
Algorithm 2 3.44E-10 3.33E-02  
Note: Nemenyi’s post-hoc test followed the significant Friedman test to determine specific algorithm differences. 
All pairwise comparisons revealed statistically significant differences (p-value < 0.05): Gurobi vs. Algorithm 1 (p-
value = 2.34E-04), Gurobi vs. Algorithm 2 (p-value = 3.44e-10), and Algorithm 1 vs. Algorithm 2 (p-value = 
3.33E-02). These results confirm that all three approaches differ significantly in OFV performance. Since 
Algorithm 2 produced the highest OFV values in this maximization problem, it significantly outperforms both 
Algorithm 1 and Gurobi, while Algorithm 1 also performs significantly differently from Gurobi.  
Pairwise Wilcoxon Test with Bonferroni Correction (p-values): 
 Gurobi Algorithm 1 Algorithm 2 
Gurobi  1.58E-07 1.07E-07 
Algorithm 1 1.58E-07  1.14E-05 
Algorithm 2 1.07E-07 1.14E-05  
Note: The Pairwise Wilcoxon test with Bonferroni correction was used for further post-hoc analysis, effectively 
controlling for the Type I error in multiple comparisons. The test produced extremely small p-values (Gurobi vs. 
Algorithm 1: 1.58e-07; Gurobi vs. Algorithm 2: 1.07e-07; Algorithm 1 vs. Algorithm 2: 1.14e-05), all of which 
are well below the 0.05 threshold. These results robustly confirm significant differences between every pair of 
algorithms and reinforce the findings of Nemenyi’s test, establishing Algorithm 2 as the statistically superior 
approach, followed by Algorithm 1, and finally, Gurobi.  
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Table 6. Results of Friedman’s test, Nemenyi’s post-hoc test, and pairwise Wilcoxon test on the 
OFV of 390 CQIP Instances. 
Friedman’s Test for Gurobi, Algorithm 3, and Algorithm 4 
Number of complete experiments (blocks/rows): 390 
Number of algorithms (groups/columns): 3 
Friedman chi-squared statistic: 384.89 
p-value: 2.65e-84 
Note: Friedman’s test compared OFV values across 390 instances for three approaches: Gurobi, Algorithm 3, and 
Algorithm 4. The analysis yielded an exceptionally large chi-squared statistic of 384.89 with an extremely small 
p-value of 2.65e-84, vastly below the 0.05 significance threshold. This provides overwhelming statistical evidence 
of significant performance differences among the algorithms. The magnitude of both the test statistics and p-value 
reflects substantial, consistent variations in algorithm performance rankings across this extensive dataset. While 
this test conclusively establishes that performance differences exist, it cannot identify which specific algorithm 
pairs differ or the direction of these differences, necessitating subsequent post-hoc analysis. 
--- Post-Hoc Analysis --- 
Nemenyi’s Post-Hoc Test Results (pairwise p-values): 
 Gurobi Algorithm 3 Algorithm 4 
Gurobi  0.23 0 
Algorithm 3 0.23  0 
Algorithm 4 0 0  
Note: Nemenyi’s post-hoc test was conducted following the significant Friedman test to identify specific 
performance differences between algorithm pairs. Results showed no significant difference between Gurobi and 
Algorithm 3 (p-value = 0.23 > 0.05), while Algorithm 4 significantly outperformed both Gurobi and Algorithm 
3 (p-value ≈ 0.0 in both comparisons). Since Algorithm 4 consistently produced the highest OFV values in this 
maximization problem, these findings statistically confirm that Algorithm 4 is superior to both approaches. In 
contrast, Gurobi and Algorithm 3 perform comparably without statistically significant differences. 
Pairwise Wilcoxon Test with Bonferroni Correction (p-values): 
 Gurobi Algorithm 3 Algorithm 4 
Gurobi  6.12E-01 2.66E-50 
Algorithm 3 6.12E-01  3.05E-49 
Algorithm 4 2.66E-50 3.05E-49  
Note: The Pairwise Wilcoxon test with Bonferroni correction was used as a conservative post-hoc analysis, closely 
mirroring Nemenyi’s test results. There was no significant difference between Gurobi and Algorithm 3 (p-value = 
0.612 > 0.05), while both Gurobi vs. Algorithm 4 (p-value = 2.66e-50) and Algorithm 3 vs. Algorithm 4 (p-value 
= 3.05e-49) showed highly significant differences. These results confirm that Algorithm 4 is statistically superior 
to both Gurobi and Algorithm 3, which, in turn, do not differ significantly from each other, providing a clear 
ranking with Algorithm 4 as the top performer. 

 
 
3.3 Practical implications 
 
QIP finds applications in various real-world domains, each presenting unique challenges. In 
control engineering, model predictive control (MPC) for hybrid systems uses QIP to optimize 
systems with continuous dynamics and logical rules, facing challenges of computation complexity 
and real-time constraints (Bemporad and Naik 2018). Portfolio optimization in finance employs 
QIP for constructing index funds and asset allocation, grappling with semicontinuous constraints 
and market uncertainties (Mencarelli and D'Ambrosio 2019). Water resource management utilizes 
QIP to optimize allocation and distribution, deal with large-scale systems, and address conflicting 
objectives (Hemker et al. 2008). In the automotive industry, QIP is applied to vehicle decision-
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making and motion planning for automated driving systems, requiring real-time solving on 
embedded hardware and handling complex traffic scenarios (Hemker et al. 2008; Quirynen et al. 
2025). Communication systems utilize QIP for multiuser detection to estimate information from 
multiple users in shared channels, thereby addressing scalability issues as the number of users 
increases (Sankaran and Ephremides 1998). QIP optimizes the minimum-cost design of reinforced 
concrete structures, ensuring code compliance while accounting for material and labor costs, and 
enforcing geometric and dimensional constraints (Guerra et al. 2011). QIP optimizes sustainable 
reverse logistics for multi-product supply chains under carbon constraints and uncertainty, 
balancing profit, social impact, and CO2 emission reduction (Al-Refaie and Kokash 2023). 

These applications share common challenges, including computational complexity, scalability, 
non-convexity, real-time processing requirements, numerical stability, and the need to handle 
complex constraints (Boros et al. 2011). This ongoing research aims to develop more efficient 
algorithms that address these challenges and make QIP-based solutions more practical for large-
scale, real-world applications. 
 
 
4. Conclusion 
 
This study presents novel closed-form formulas for unconstrained and constrained quadratic 
integer programming (QIP) problems. We derived several theoretical results for both UQIP and 
CQIP and subsequently developed an efficient local search strategy to attain local optimality 
rapidly. Our computational experiments demonstrate the efficacy of these new formulas on UQIP 
and CQIP instances. Notably, our results show that for UQIP, the computational time required by 
the simple 1-Opt local search remains consistent across problems of identical size, regardless of 
the range of objective function coefficients. Furthermore, for CQIP instances, while the computing 
time of the 1-Opt local search remains consistent for problems of the same size and difficulty level, 
it varies depending on the difficulty level. These findings are particularly significant when 
implementing local search strategies on very large-scale instances, as they enable the rapid 
attainment of local optimality. In a future study, we will report on our design of new heuristics that 
utilize findings on extreme values to accelerate methods for solving large-scale quadratic integer 
problems.  
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Appendix  

A. Description of proposed algorithms

Algorithm 1: Exhaustive 1-Opt search for UQIP (maximization) 

Initialization: n, Q, 𝑢௜ (i=1, …, n), a feasible x (e.g., x=0), M(i), (i=1, …, n), f=f(x), Flag=’True’ 

Step1: Do While (Flag= ‘True’) 
1:  Flag= ‘False’ 
2:  Randomly choose a sequence, L, of numbers 1, …, n 

Step2: For i=L(1), …, L(n) 
  𝑦2 = −ெሺ௜ሻ௤೔,೔ , 𝑦௠௔௫ = 𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑡𝑜 𝑦∗ = −ெሺ௜ሻଶ௤೔,೔ ,𝑈 = 𝑀𝑖𝑛{𝑢௜ ,𝑦௠௔௫} 

Step2(i): If 𝑞௜,௜ < 0: 
a:  If 𝑦2 ≤ 0, choose y=0 
b:  If 𝑦2 > 0, choose 𝑦 = 𝑈 

Step2(ii):   If 𝑞௜,௜ > 0: 
a:  If 𝑦2 ≤ 0, choose 𝑦 = 𝑢௜ 
b:  If 𝑦2 > 0: if 𝑢௜ > 𝑦2, choose 𝑦 = 𝑢௜ , otherwise y=0 

Step2(iii):  If 𝑞௜,௜ = 0: 
a: If M(i)>0, choose 𝑦 = 𝑢௜ 
b: If M(i)<0, choose y=0 

Step2(iv): If y is different than 𝑥௜:  
Flag=‘True’, Call UPDATE_1_OPT_UQIP (i, n, Q, M, y, 𝑥௜, f) 

End For (Step2) 
End While (Step 1) 

Subroutine UPDATE_1_OPT_UQIP (i, n, Q, M, y, 𝑥௜, f) 𝑓 = 𝑓 + ሺ𝑦 − 𝑥௜ሻൣ𝑞௜,௜ሺ𝑦 + 𝑥௜ሻ + 𝑀ሺ𝑖ሻ൧ 
 For 𝑗 < 𝑖,𝑀ሺ𝑗ሻ = 𝑀ሺ𝑗ሻ + ሺ𝑦 − 𝑥௜ሻ𝑞௝,௜ 
 For 𝑗 > 𝑖,𝑀ሺ𝑗ሻ = 𝑀ሺ𝑗ሻ + ሺ𝑦 − 𝑥௜ሻ𝑞௜,௝ 
 For j=i, no change of M(j) 𝑥௜ = 𝑦 
End Subroutine UPDATE_1_OPT_UQIP 

In Step 2 of the algorithm, we employ a randomized sequence-based approach to implement 
the improvement strategy. Specifically, we randomly select a sequence L and apply the process 
along with this sequence. Despite its simplicity, this 1-Opt strategy diversifies the search process 
into different areas of the solution space. It allows the search to explore various regions of the 
solution space. This approach has demonstrated effectiveness in various applications, as reported 
in Alidaee et al. (2018), Alidaee et al. (2017), Alidaee and Wang (2017, 2025), Wang and Alidaee 
(2019a, 2019b, 2023), and F. Wang (2021). Our implementation of sequence-based optimization 
is based on the genetic algorithm with random keys (GARK) approach, initially introduced by 
Bean (1994) for sequencing problems such as the traveling salesman. Note that, in Steps (i-iii), we 
are simply choosing the best choice for a component (1-Opt) using Theorem 1. If the component 
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of the current solution is changed (improved), Step (iv) updates the process. The procedure 
continues until it stops. 
 
Algorithm 2: A tabu search with oscillation strategy for UQIP (maximization) 
 
Initialization: n, Q, 𝑢௜(i=1, …, n), a feasible x (e.g., x=0), M(i), (i=1, …, n), f=f(x), 𝑓∗=f, 𝑥∗=x, 
Tab_Ten, Tabu(i)=0, (i=1, …, n), Flag=’True’ 
Step 1:  Do While (until a stopping criteria is reached, e.g., CPU time limit) 
Step C:  Start Construction Phase: 
Step2:    Do While (Flag= ‘True’) 

1:  Flag= ‘False’ 
2:  Randomly choose a sequence, L, of numbers 1, …, n 

Step3:     For i=L(1), …, L(n) 
        𝑦2 = −ெሺ௜ሻ௤೔,೔ , 𝑦௠௔௫ = 𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑡𝑜 𝑦∗ = −ெሺ௜ሻଶ௤೔,೔ , 𝑈 = 𝑀𝑖𝑛{𝑢௜ ,𝑦௠௔௫} 
Step3(i):     If 𝑞௜,௜ < 0: 

                a:  If 𝑦2 ≤ 0, choose y=0 
b:  If 𝑦2 > 0, choose y=U 

Step3(ii):     If 𝑞௜,௜ > 0: 
a:  If 𝑦2 ≤ 0, choose 𝑦 = 𝑢௜ 
b:  If 𝑦2 > 0: if 𝑢௜ > 𝑦2, choose 𝑦 = 𝑢௜ , otherwise y=0 

Step3(iii):     If 𝑞௜,௜ = 0: 
a: If M(i)>0, choose 𝑦 = 𝑢௜ 
b: If M(i)<0, choose y=0 

Step3(iv):     If y is different than 𝑥௜:  𝐸 = ሺ𝑦 − 𝑥௜ሻൣ𝑞௜,௜ሺ𝑦 + 𝑥௜ሻ + 𝑀ሺ𝑖ሻ൧ 
f1=f + E 
If((Tabu(i)=0).or.(f1>𝑓∗)):  

Flag= ‘True’, Call UPDATE_CONST_UQIP (i, n, Q, M, y,  
f, f1, x, 𝑥∗,Tabu, Tab_Ten) 

End For (Step 3) 
End While (Step 2) 

End Construction Phase (Step C) 
Call 1-OPT Local Search (Algorithm 1) 

Step D: Start Destruction Phase: 
Randomly choose a sequence, L, of numbers 1, …, n 
p= Choose a random integer in the interval (0.0025*n+5, 0.0125*n+30) 
For k=1, …, p 

i=L(k) 
If ( 𝑥௜ > 0 ) Choose a random integer  𝑦 ∈ ሾ0, 𝑥௜ሿ  
If (𝑥௜ = 0 ) Choose a random integer 𝑦 ∈ ሺ0,𝑢௜ሿ  
Call UPDATE_DEST_UQIP (i, n, Q, M, y, 𝑥௜, f, Tabu, Tab_Ten, k, p)   

End For 
End Destruction Phase (Step D) 

End While (Step 1) 
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Subroutine UPDATE_CONST_UQIP (i, n, Q, M, y, f, f1, 𝑓∗, x, 𝑥∗, Tabu, Tab_Ten) 
For 𝑗 < 𝑖,𝑀ሺ𝑗ሻ = 𝑀ሺ𝑗ሻ + ሺ𝑦 − 𝑥௜ሻ𝑞௝,௜ 
For 𝑗 > 𝑖,𝑀ሺ𝑗ሻ = 𝑀ሺ𝑗ሻ + ሺ𝑦 − 𝑥௜ሻ𝑞௜,௝ 
For j=i, no change of M(j) 𝑥௜ = 𝑦 
f=f1 
If(f>𝑓∗): 𝑓∗=f and 𝑥∗=x 
Tabu(i)=Tab_Ten+1 
For j=1, …, n, If Tabu(j)>0, Tabu(j)=Tabu(j)-1 

End Subroutine UPDATE_CONST_UQIP 
 
Subroutine UPDATE_DEST_UQIP (i, n, Q, M, y, 𝑥௜,  f, Tabu, Tab_Ten, k, p)  𝐸 = ሺ𝑦 − 𝑥௜ሻൣ𝑞௜,௜ሺ𝑦 + 𝑥௜ሻ + 𝑀ሺ𝑖ሻ൧ 

f=f + E 
For 𝑗 < 𝑖,𝑀ሺ𝑗ሻ = 𝑀ሺ𝑗ሻ + ሺ𝑦 − 𝑥௜ሻ𝑞௝,௜ 
For 𝑗 > 𝑖,𝑀ሺ𝑗ሻ = 𝑀ሺ𝑗ሻ + ሺ𝑦 − 𝑥௜ሻ𝑞௜,௝ 
For j=i, no change of M(j) 𝑥௜ = 𝑦       
Tabu(i)=Tab_Ten+p+1-k 
For j=1, …, n, If Tabu(j)>0, Tabu(j)=Tabu(j)-1 

End Subroutine UPDATE_DEST_UQIP   
 

In Algorithm 2, the constructive phase incorporates Algorithm 1 and builds a solution that 
maximizes the objective function. However, to avoid local optimality, we include a tabu system, 
enabling the algorithm to escape local optimality. This is done in Step (iv). Following the 
constructive phase, a local optimality search (Algorithm 1) is performed. The destructive phase 
involves randomly selecting several components, 𝑥௜, and modifying their values. This 
constructive-destructive process is a common strategy in tabu search implementations (Alidaee et 
al. 2018; Alidaee and Wang 2017, 2025; Wang and Alidaee 2023; Wang et al. 2021; Glover et al. 
1998). It allows further diversification in new areas of feasible solutions. 

 
Algorithm 3: Exhaustive 1-Opt search for CQIP (maximization) 
 
Initialization: n, Q, A, 𝑢௜(i=1, …, n), a feasible x (e.g., x=0), M(i), (i=1, …, n), f=f(x), 𝐵 =ሺ𝐵ଵ, … ,𝐵௠ሻ, Flag=’True’ 
Step1: Do While (Flag= ‘True’) 

1:  Flag= ‘False’ 
2:  Randomly choose a sequence, L, of numbers 1, …, n 

Step2: For i=L(1), …, L(n) 𝑦2 = −𝑀ሺ𝑖ሻ/𝑞௜,௜ , 𝛼௜ = 𝑀𝑖𝑛ଵஸ௝ஸ௠උ𝐵௝/𝑞௝,௜ඏ,  
 𝑦௠௔௫ = 𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑡𝑜 𝑦∗ = −𝑀ሺ𝑖ሻ/2𝑞௜,௜ 𝑈ଵ = 𝑀𝑖𝑛{𝑢௜ ,𝑎௜ + 𝑥௜},𝑈ଶ = 𝑀𝑖𝑛{𝑢௜ ,𝑦௠௔௫,𝑎௜ + 𝑥௜}  

 Step2(i): If 𝑞௜,௜ < 0: 
a:  If 𝑦2 ≤ 0, choose y=0 
b:  If 𝑦2 > 0, choose 𝑦 = 𝑈ଶ 
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Step2(ii): If 𝑞௜,௜ > 0: 
a: If 𝑦2 ≤ 0, choose 𝑦 = 𝑈ଵ 
b: If 𝑦2 > 0: if 𝑈ଶ > 𝑦2, choose 𝑦 = 𝑈ଵ, otherwise y=0 

Step2(iii): If 𝑞௜,௜ = 0: 
a: If M(i)>0, choose 𝑦 = 𝑈ଵ 
b: If M(i)<0, choose y=0 

Step2(iv): If y is different than 𝑥௜:  
Flag=’True’, Call UPDATE_1_OPT_CQIP (i, n, m, Q, A, M, y, 𝑥௜, f, B) 

End For (Step 2) 
End While (Step 1) 

 
Subroutine UPDATE_1_OPT_CQIP (i, n, m, Q, A, M, y, 𝑥௜, f, B) 𝑓 = 𝑓 + ሺ𝑦 − 𝑥௜ሻൣ𝑞௜,௜ሺ𝑦 + 𝑥௜ሻ + 𝑀ሺ𝑖ሻ൧ 

For 𝑗 < 𝑖,𝑀ሺ𝑗ሻ = 𝑀ሺ𝑗ሻ + ሺ𝑦 − 𝑥௜ሻ𝑞௝,௜ 
For 𝑗 > 𝑖,𝑀ሺ𝑗ሻ = 𝑀ሺ𝑗ሻ + ሺ𝑦 − 𝑥௜ሻ𝑞௜,௝ 
For j=i, no change of M(j) 
For j=1, …, m, 𝐵௝ = 𝐵௝ − 𝑎௝,௜ሺ𝑦 − 𝑥௜ሻ 𝑥௜ = 𝑦 

End Subroutine UPDATE_1_OPT_CQIP 
 

Algorithms 3 and 4 are variants of Algorithms 1 and 2, respectively, with an additional 
consideration: at each step of adding or reducing resources, we ensure the feasibility of the 
problem. Specifically, in Algorithm 3, we modify the resource allocation process to account for 
feasibility, similar to Algorithm 1. In Algorithm 4, we adapt the implementation process of 
Algorithm 2, incorporating feasibility checks at each step of adjusting 𝑥௜ values. Throughout the 
execution of Algorithms 3 and 4, we maintain the feasibility of the problem as a top priority. 
 
Algorithm 4: A tabu search with oscillation strategy for CQIP (maximization) 
 
Initialization: n, Q, A, 𝑢௜ (i=1, …, n), a feasible x (e.g., x=0), M(i), (i=1, …, n), f=f(x), 𝑓∗=f, 𝑥∗=x, 𝐵 = ሺ𝐵ଵ, … ,  𝐵௠ሻ, Tab_Ten, Tabu(i)=0, (i=1, …, n), Flag=’True’ 
Step 1: Do While (until a stopping criteria is reached, e.g., CPU time limit) 
Step C: Start Construction Phase: 
Step2:   Do While (Flag= ‘True’) 

1:  Flag= ‘False’ 
2:  Randomly choose a sequence, L, of numbers 1, …, n 

Step3:    For i=L(1), …, L(n) 𝑦2 = −ெሺ௜ሻ௤೔,೔ ,𝛼௜ = 𝑀𝑖𝑛ଵஸ௝ஸ௠ ൜ඌ ஻ೕ௤ೕ,೔ඐൠ,  𝑦௠௔௫ = 𝐶𝑙𝑜𝑠𝑒𝑠𝑡  𝑖𝑛𝑡𝑒𝑔𝑒𝑟  𝑡𝑜 𝑦∗ = −𝑀ሺ𝑖ሻ/2𝑞௜,௜ 𝑈ଵ = 𝑀𝑖𝑛{𝑢௜ ,𝑎௜ + 𝑥௜},𝑈ଶ = 𝑀𝑖𝑛{𝑢௜ ,𝑦௠௔௫,𝑎௜ + 𝑥௜} 
Step3(i):    If 𝑞௜,௜ < 0: 

a:  If 𝑦2 ≤ 0, choose y=0 
b:  If 𝑦2 > 0, choose 𝑦 = 𝑈ଶ 
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Step3(ii):    If 𝑞௜,௜ > 0: 
a:  If 𝑦2 ≤ 0, choose 𝑦 = 𝑈ଵ 

                 b:  If 𝑦2 > 0: if 𝑈ଵ > 𝑦2, choose 𝑦 = 𝑈ଵ, otherwise y=0 
Step3(iii):    If 𝑞௜,௜ = 0: 

a:  If M(i)>0, choose 𝑦 = 𝑈ଵ 
b:  If M(i)<0, choose y=0 

Step3(iv):     If y is different than 𝑥௜:  𝐸 = ሺ𝑦 − 𝑥௜ሻൣ𝑞௜,௜ሺ𝑦 + 𝑥௜ሻ + 𝑀ሺ𝑖ሻ൧ 
f1=f + E 
If((Tabu(i)=0).or.(f1>𝑓∗)):  
Flag= ‘True’, Call UPDATE_CONST_CQIP (i, n, m, Q, A,  

M, y, f, f1, 𝑓∗, x, 𝑥∗, B, Tabu, Tab_Ten) 
End For (Step 3) 

End While (Step 2) 
End Construction Phase (Step C) 

 
Call 1-OPT Local Search (Algorithm 3) 
Step D: Start Destruction Phase: 

Randomly choose a sequence, L, of numbers 1, …, n 
p= Choose a random integer in the interval (0.0025*n+5, 0.0125*n+30) 
For k=1, …, p 

i=L(k) 
If (𝑥௜ > 0 ) Choose a random integer 𝑦 ∈ ሾ0, 𝑥௜ሿ  
If (𝑥௜ = 0 ) Choose a random integer 𝑦 ∈ ሺ0,𝑢௜ሿ  
Call UPDATE_DEST_CQIP (i, n, m, Q, A, M, y, 𝑥௜, f, B, Tabu, Tab_Ten,  

k, p)   
End For 

End Destruction Phase (Step D) 
End While (Step 1) 

 
Subroutine UPDATE_CONST_CQIP (i, n, m, Q, A, M, y, f, f1, 𝑓∗, x, 𝑥∗, B, Tabu, Tab_Ten) 

For 𝑗 < 𝑖,𝑀ሺ𝑗ሻ = 𝑀ሺ𝑗ሻ + ሺ𝑦 − 𝑥௜ሻ𝑞௝,௜ 
For 𝑗 > 𝑖,𝑀ሺ𝑗ሻ = 𝑀ሺ𝑗ሻ + ሺ𝑦 − 𝑥௜ሻ𝑞௜,௝ 
For j=i, no change of M(j) 𝑥௜ = 𝑦 
f=f1 
If(f>𝑓∗): 𝑓∗=f and 𝑥∗=x 
Tabu(i)=Tab_Ten+1 
For j=1, …, n, If Tabu(j)>0, Tabu(j)=Tabu(j)-1 

End Subroutine UPDATE_CONST_CQIP 
 
Subroutine UPDATE_DEST_CQIP (i, n, m, Q, A, M, y, 𝑥௜, f, B, Tabu, Tab_Ten, k, p) 𝐸 = ሺ𝑦 − 𝑥௜ሻൣ𝑞௜,௜ሺ𝑦 + 𝑥௜ሻ + 𝑀ሺ𝑖ሻ൧ 

f=f + E 
For 𝑗 < 𝑖,𝑀ሺ𝑗ሻ = 𝑀ሺ𝑗ሻ + ሺ𝑦 − 𝑥௜ሻ𝑞௝,௜ 
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For 𝑗 > 𝑖,𝑀ሺ𝑗ሻ = 𝑀ሺ𝑗ሻ + ሺ𝑦 − 𝑥௜ሻ𝑞௜,௝ 
For j=i, no change of M(j) 𝑥௜ = 𝑦       
Tabu(i)=Tab_Ten+p+1-k 
For j=1, …, n, If Tabu(j)>0, Tabu(j)=Tabu(j)-1 

End Subroutine UPDATE_DEST_CQIP   
 

For the CQIP, we evaluate the performance of Algorithms 3 and 4 on instances of varying 
sizes and difficulty levels. The level of difficulty in CQIP instances of the same size is influenced 
by the combination of factors, including the range of values for decision variables, the coefficients 
of Matrix A, and the tightness of the right-hand-side constraints (as discussed in Alidaee et al. 
(2018)).  

 
 

Table A1. Results of large UQIP instances.  
Instance BFS Gurobi Algorithm 1 Algorithm2 

RPD% TB[s] RPD% TB[s] RPD% TB[s] 
n1000-1 3,000,949 1.09 16 0.98 0.21(1) 0 0.14(2) 
n1000-2 24,509,365 1.54 2,103 0.56 0.20(1) 0 0.44(2) 
n1000-3 199,066,191 2.00 766 0.70 0.10(1) 0 212.08(1) 
n1000-4 1,599,030,380 2.09 7,393 0.27 0.20(1) 0 4.82(9) 
n1000-5 3,127,959,152 2.61 2,383 0.72 0.21(1) 0 1.74(6) 
n2000-1 8,806,716 1.26 38 0.47 0.90(1) 0 3.25(4) 
n2000-2 72,371,603 2.19 1,625 0.41 0.94(1) 0 8.23(5) 
n2000-3 587,464,593 3.03 104 0.54 0.92(1) 0 12.76(1) 
n2000-4 4,734,834,443 3.02 444 0.51 0.92(1) 0 11.62(5) 
n2000-5 9,253,705,060 2.16 1,432 0.53 0.92(1) 0 2.08(2) 
n4000-1 24,358,205 1.49 250 0.57 4.91(1) 0 166.31(1) 
n4000-2 200,327,785 2.11 1,688 0.63 2.92(1) 0 94.37(1) 
n4000-3 1,625,629,930 3.79 5,275 0.59 2.93(1) 0 108.57(1) 
n4000-4 13,106,087,378 3.11 3,678 0.66 2.83(1) 0 47.62(1) 
n4000-5 25,623,694,786 2.71 4,008 0.51 4.03(1) 0 80.95(1) 
n8000-1 68,296,721 12.01 14,251 0.55 24.15(1) 0 432.10(1) 
n8000-2 563,529,014 5.81 14,400 0.72 24.32(1) 0 286.95(1) 
n8000-3 4,583,800,291 6.35 13,701 0.68 24.20(1) 0 278.77(1) 
n8000-4 36,937,079,347 4.02 6,416 0.80 12.96(1) 0 577.10(1) 
n8000-5 72,200,636,073 6.75 13,304 0.80 10.73(1) 0 153.77(1) 

Note: The time limit is 600 seconds for Algorithms 1 and 2, 14,400s for Gurobi 11.0.2. 
 
 
 
 
 
 
 
 

A-6



 

Table A2. Results of large CQIP Type-e instances.  
Instance BFS Gurobi Algorithm 3 Algorithm4 

RPD% TB[s] RPD% TB[s] RPD% TB[s] 
n1000m200e-1 2,936,781 1.72 8,797 0.29 11.69(2) 0 7.43(4) 
n1000m200e-2 24,440,683 2.02 8,798 0.79 11.69(1) 0 14.62(1) 
n1000m200e-3 197,811,437 2.20 8,798 0.35 11.69(1) 0 9.36(3) 
n1000m200e-4 1,593,473,000 1.63 6,870 0.01 11.69(1) 0 36.76(1) 
n1000m200e-5 3,123,318,505 2.87 8,796 0.45 11.70(3) 0 42.09(5) 
n1000m500e-1 2,875,575 1.00 8,791 0.18 11.73(2) 0 13.39(3) 
n1000m500e-2 24,173,920 2.44 8,793 0.75 11.75(2) 0 42.66(1) 
n1000m500e-3 193,581,932 1.75 8,779 0.75 11.76(1) 0 66.57(1) 
n1000m500e-4 1,563,574,242 1.29 8,767 0.11 11.75(1) 0 8.03(2) 
n1000m500e-5 3,070,429,655 2.22 8,771 0.92 11.74(1) 0 83.23(1) 
n2000m400e-1 8,495,983 2.41 12,755 1.60 95.56(1) 0 53.90(1) 
n2000m400e-2 69,928,006 1.12 12,878 1.00 95.18(1) 0 79.50(1) 
n2000m400e-3 564,709,117 1.92 14,860 0.77 94.80(1) 0 175.74(1) 
n2000m400e-4 4,576,080,021 1.98 12,876 1.24 95.41(1) 0 117.10(1) 
n2000m400e-5 8,945,712,248 2.57 12,894 1.08 95.78(1) 0 44.67(1) 
n2000m1000e-1 8,780,300 2.33 12,879 0.69 96.24(1) 0 147.29(2) 
n2000m1000e-2 72,662,246 2.12 14,906 0.80 95.34(1) 0 98.22(1) 
n2000m1000e-3 588,257,309 1.38 13,879 2.23 95.70(1) 0 104.82(1) 
n2000m1000e-4 4,735,311,229 2.14 13,925 1.04 95.72(1) 0 67.00(1) 
n2000m1000e-5 9,240,374,480 0.76 7,956 0.18 95.81(1) 0 38.10(1) 
n4000m800e-1 24,751,887 6.89 15,846 2.13 370.70(1) 0 257.77(1) 
n4000m800e-2 204,044,385 1.12 11,243 1.81 380.92(2) 0 304.73(4) 
n4000m800e-3 1,649,784,885 4.46 12,216 0.74 372.16(1) 0 281.02(1) 
n4000m800e-4 13,352,328,897 5.13 13,203 1.37 375.71(1) 0 328.44(1) 
n4000m800e-5 26,120,405,690 2.81 12,872 1.15 372.77(1) 0 274.05(1) 
n4000m2000e-1 23,190,449 3.15 12,941 0.74 373.36(1) 0 260.71(2) 
n4000m2000e-2 190,529,188 3.41 13,215 1.03 380.78(3) 0 317.44(3) 
n4000m2000e-3 1,546,815,782 6.56 11,500 0.10 369.65(1) 0 540.55(1) 
n4000m2000e-4 12,498,835,534 5.80 11,218 1.55 377.72(1) 0 331.30(1) 
n4000m2000e-5 24,246,549,770 7.66 11,689 1.04 366.19(1) 0 257.72(1) 
n8000m1600e-1 66,290,606 4.07 12,231 0.54 578.38(2) 0 535.88(4) 
n8000m1600e-2 545,142,507 0.91 13,725 0.24 577.79(1) 0 429.35(1) 
n8000m1600e-3 4,405,933,302 2.74 13,822 0.72 570.61(1) 0 468.28(1) 
n8000m1600e-4 35,824,721,881 4.31 8,797 1.23 566.82(1) 0 528.89(1) 
n8000m1600e-5 69,716,136,862 4.04 8,798 0.07 534.74(1) 0 454.26(1) 
n8000m4000e-1 65,502,030 10.64 8,798 0.28 584.33(1) 0 552.84(1) 
n8000m4000e-2 539,467,696 9.74 6,870 0.32 577.87(3) 0 319.72(4) 
n8000m4000e-3 4,364,580,737 13.44 8,796 0.37 566.44(2) 0 529.23(2) 
n8000m4000e-4 35,278,654,327 3.83 8,791 0.19 564.14(1) 0 426.78(1) 
n8000m4000e-5 68,684,948,810 3.47 8,793 0.08 569.29(1) 0 501.41(1) 

Note: The time limit is 600 seconds for Algorithms 3 and 4, and 14,400 seconds for Gurobi 11.0.2.  
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Table A3. Results of large CQIP Type-d instances. 
Instance BFS Gurobi Algorithm 3 Algorithm4

RPD% TB[s] RPD% TB[s] RPD% TB[s] 
n1000m200d-1 2,389,213 1.14 14,345 0.40 6.91(3) 0 19.76(1) 
n1000m200d-2 19,961,342 0.94 13,025 0.25 6.92(1) 0 25.75(2) 
n1000m200d-3 160,756,058 0.24 9,851 0.20 6.90(1) 0 22.49(3) 
n1000m200d-4 1,303,390,380 0.48 7,200 0.14 6.91(1) 0 52.04(1) 
n1000m200d-5 2,542,514,740 1.09 8,892 0.02 6.91(1) 0 108.80(1) 
n1000m500d-1 2,375,007 2.21 13,586 1.47 6.92(2) 0 37.44(4) 
n1000m500d-2 19,798,091 1.82 9,127 1.06 6.93(1) 0 47.88(1) 
n1000m500d-3 160,383,270 2.19 8,111 1.80 6.92(1) 0 10.45(5) 
n1000m500d-4 1,295,194,521 1.52 13,780 0.26 6.92(1) 0 43.05(1) 
n1000m500d-5 2,525,478,246 0.86 13,415 1.08 6.96(1) 0 22.42(2) 
n2000m400d-1 6,861,340 1.94 13,923 0.05 37.49(3) 0 95.78(1) 
n2000m400d-2 57,091,950 2.56 12,842 0.26 37.25(2) 0 98.84(1) 
n2000m400d-3 463,007,272 3.39 8,167 0.26 37.42(1) 0 160.69(1) 
n2000m400d-4 3,717,633,138 1.87 11,468 0.44 37.24(1) 0 124.04(1) 
n2000m400d-5 7,239,551,695 1.90 11,379 0.23 37.52(2) 0 74.06(2) 
n2000m1000d-1 7,071,800 4.34 10,476 0.31 36.89(2) 0 97.17(1) 
n2000m1000d-2 58,845,774 2.53 9,095 1.06 36.98(1) 0 111.61(1) 
n2000m1000d-3 474,561,797 2.96 12,268 0.38 37.15(1) 0 98.38(1) 
n2000m1000d-4 3,814,698,983 2.69 11,655 0.86 37.00(1) 0 64.77(3) 
n2000m1000d-5 7,462,279,769 2.49 10,864 0.18 37.16(1) 0 102.14(1) 
n4000m800d-1 19,957,199 3.88 9,208 1.16 240.61(3) 0 437.89(1) 
n4000m800d-2 163,673,960 5.35 8,224 1.91 241.10(1) 0 298.47(1) 
n4000m800d-3 1,325,766,319 4.27 7,229 0.21 240.49(2) 0 331.48(1) 
n4000m800d-4 10,766,304,741 3.47 9,219 1.04 241.24(1) 0 327.07(1) 
n4000m800d-5 21,091,518,620 3.15 11,533 0.71 239.92(1) 0 347.10(1) 
n4000m2000d-1 18,654,619 7.91 12,408 0.19 242.13(2) 0 350.74(2) 
n4000m2000d-2 152,965,905 6.90 11,246 0.86 237.16(1) 0 472.77(1) 
n4000m2000d-3 1,233,711,056 7.01 13,222 1.51 236.79(2) 0 317.49(1) 
n4000m2000d-4 9,973,260,486 3.60 12,212 0.04 236.94(1) 0 516.23(1) 
n4000m2000d-5 19,494,483,789 7.43 11,580 0.77 242.09(1) 0 348.35(1) 
n8000m1600d-1 49,774,289 4.81 13,524 4.82 569.43(2) 0 531.37(3) 
n8000m1600d-2 414,666,764 6.98 14,009 4.04 570.53(1) 0 325.11(2) 
n8000m1600d-3 3,345,397,066 0.06 12,779 0.02 539.47(1) 0 529.32(1) 
n8000m1600d-4 28,214,318,778 6.51 12,695 4.76 559.28(2) 0 306.66(2) 
n8000m1600d-5 54,874,622,128 5.77 12,653 4.27 522.71(1) 0 392.74(2) 
n8000m4000d-1 50,242,415 8.09 7,366 1.32 528.89(3) 0 305.46(3) 
n8000m4000d-2 408,198,534 7.90 8,829 4.64 565.49(1) 0 533.34(1) 
n8000m4000d-3 3,353,603,110 5.67 8,779 1.48 566.64(2) 0 334.13(2) 
n8000m4000d-4 27,728,471,895 8.97 11,506 5.75 509.37(1) 0 526.61(1) 
n8000m4000d-5 51,897,056,460 3.80 9,610 0.29 558.26(1) 0 388.56(2) 

Note: The time limit is 600 seconds for Algorithms 3 and 4, and 14,400s for Gurobi 11.0.2. 
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Table A4. Results of large CQIP Type-h instances. 
Instance BFS Gurobi Algorithm 3 Algorithm4 

RPD% TB[s] RPD% TB[s] RPD% TB[s] 
n1000m200h-1 1,242,153 4.30 6,424 9.48 0.09(1) 0 0.33(3) 
n1000m200h-2 10,123,275 3.12 7,092 6.83 0.10(1) 0 0.34(1) 
n1000m200h-3 81,460,881 3.79 6,804 7.81 0.10(1) 0 0.36(2) 
n1000m200h-4 656,179,161 2.46 6,323 10.26 0.11(1) 0 0.39(1) 
n1000m200h-5 1,303,425,288 4.84 6,598 8.22 0.11(1) 0 0.41(1) 
n1000m500h-1 1,206,097 4.60 4,794 14.34 0.20(2) 0 0.63(4) 
n1000m500h-2 9,847,896 5.04 7,201 5.27 0.23(1) 0 0.64(1) 
n1000m500h-3 80,496,873 6.25 5,827 9.90 0.24(1) 0 0.81(1) 
n1000m500h-4 642,169,817 5.13 6,369 18.66 0.26(1) 0 0.83(2) 
n1000m500h-5 1,246,457,542 1.73 6,720 18.57 0.25(1) 0 0.83(4) 
n2000m400h-1 3,509,434 6.50 6,831 12.07 0.69(1) 0 3.09(2) 
n2000m400h-2 29,080,788 4.67 7,052 10.06 0.73(1) 0 3.73(1) 
n2000m400h-3 232,890,693 10.48 5,822 8.97 0.80(1) 0 4.22(1) 
n2000m400h-4 1,891,422,426 5.43 7,204 11.05 0.82(1) 0 4.32(1) 
n2000m400h-5 3,643,713,926 13.37 5,993 11.69 0.83(1) 0 4.20(1) 
n2000m1000h-1 3,542,748 5.97 4,026 8.94 1.70(1) 0 6.60(1) 
n2000m1000h-2 29,315,363 7.45 6,578 8.70 1.89(1) 0 7.34(1) 
n2000m1000h-3 239,512,191 10.61 7,206 7.27 2.03(1) 0 8.79(1) 
n2000m1000h-4 1,902,884,575 13.57 1,367 5.16 2.10(1) 0 9.53(2) 
n2000m1000h-5 3,735,260,018 7.31 1,282 9.23 2.15(1) 0 9.24(1) 
n4000m800h-1 10,135,909 10.03 4,386 5.04 5.37(1) 0 33.62(1) 
n4000m800h-2 83,220,481 8.85 6,312 7.90 5.68(1) 0 40.15(1) 
n4000m800h-3 666,941,633 15.38 6,268 1.87 6.27(1) 0 48.24(1) 
n4000m800h-4 5,321,647,071 38.98 6,623 21.31 6.59(1) 0 47.04(1) 
n4000m800h-5 9,361,148,828 32.62 1,203 14.04 6.52(1) 0 50.04(1) 
n4000m2000h-1 9,203,077 10.91 6,135 4.81 13.36(1) 0 73.94(1) 
n4000m2000h-2 75,724,186 25.70 6,981 3.91 14.20(1) 0 84.08(1) 
n4000m2000h-3 604,946,450 34.67 7,221 4.41 15.45(1) 0 98.62(1) 
n4000m2000h-4 4,833,369,687 39.21 1,197 5.12 15.96(1) 0 104.27(1) 
n4000m2000h-5 9,369,435,801 25.54 7,211 1.69 16.20(1) 0 97.64(1) 
n8000m1600h-1 24,604,295 8.88 12,677 2.71 45.02(1) 0 434.44(1) 
n8000m1600h-2 205,624,495 28.38 12,937 2.29 46.85(1) 0 524.93(1) 
n8000m1600h-3 1,646,512,779 64.16 13,133 3.15 51.85(1) 0 596.01(1) 
n8000m1600h-4 12,809,482,249 46.75 7,236 0.22 52.93(1) 0 538.28(1) 
n8000m1600h-5 25,535,851,423 48.05 7,230 0.25 54.08(1) 0 531.25(1) 
n8000m4000h-1 23,490,084 9.54 4,118 2.47 588.33(1) 0 577.82(1) 
n8000m4000h-2 199,200,325 28.21 7,273 2.71 279.43(1) 0 588.61(1) 
n8000m4000h-3 1,555,680,602 41.86 3,365 1.83 380.50(1) 0 415.53(1) 
n8000m4000h-4 12,847,760,511 49.84 7,523 2.15 497.50(1) 0 515.54(1) 
n8000m4000h-5 24,572,352,900 50.54 7,700 1.20 500.72(1) 0 588.30(1) 

Note: The time limit is 600 seconds for Algorithms 3 and 4, and 14,400s for Gurobi 11.0.2. 
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Figure 4. Results of RPD of Gurobi and Algorithm 1 compared to BFS by Algorithm 2 of 
large UQIP instances (600 seconds for Algorithms 1 and 2, 14400s for Gurobi 11.0.2). 

 
 

 
Figure 5. Extreme values in the solutions of Algorithm 2 for large UQIP instances. 
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Figure 6. Percentage of extreme value in the solutions of Algorithm 4 for large CQIP Type-
e instances. 

 
 

 
Figure 7. Extreme value in the solutions of Algorithm 4 for large CQIP Type-d instances. 
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Figure 8. Extreme value in the solutions of Algorithm 3 for large CQIP Type-h instances. 
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